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Abstract 

We develop a theory of Hilbert C-modules by investigating their structural and functional ana- 
lytic properties. Particular attention is given to finitely generated submodules, projection operators, 
representation theorems for C-lincar functionals and C-sesquilinear forms. By making use of a gen- 
eralized Lax-Milgram theorem, we provide some existence and uniqueness theorems for variational 
problems involving a generalized bilinear or sesquilinear form. 



Introduction 

This paper is part of a wide project which aims to introduce functional analytic methods into Colombeau 
algebras of generalized functions. Our intent is to deal with the general problem of existence and qual- 
itative properties of solutions of partial differential equations in the Colombeau setting, by means of 
functional analytic tools adapted and generalized to the range of topological C-modules. Starting from 
the topological background given in [2, 3], in this paper we develop a theory of Hilbert C-modules. This 
will be the framework where to investigate variational equalities and inequalities generated by highly 
singular problems in partial differential equations. 

A first example of a Hilbert C-module is the Colombeau space Gh of generalized functions based on 
a Hilbert space (H, (■{■)) [2, Definition 3.1], where the scalar product is obtained by letting (•]•) act 
componentwise at the representatives level. A number of theorems, such as projection theorem, Riesz- 
representation and bax-Milgram theorem can be obtained in a direct way when we work on Qh, by 
applying the corresponding classical results at the level of representatives at first and then by checking 
the necessary moderateness conditions. This is a sort of transfer method, which has been exclusively 
employed so far, of producing results in a Colombeau context deeply related to a classical one. The 
novelty of our work is the introduction of a general notion of a Hilbert C-module which has no more 
the internal structure of Qh , and the completely intrinsic way of developing a topological and functional 
analytic theory within this abstract setting. As we will see in the course of the paper, the wide generality 
of our approach on the one hand entails some technicalities in the proofs and on the other hand leads 
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to the introduction of a number of new concepts, such as edged subsets of a C-module, normalization 
property, etc. 

We now describe the contents of the sections in more detail. 

The first section serves to collect some basic notions necessary for the comprehension of the paper. We 
begin in Subsection 1.1 by recalling the definition of the Colombeau space Ge of generalized functions 
based on a locally convex topological vector space E. In order to view Ge as a particular example of 
a locally convex topological C-module, where C is the ring Gc 01 generalized constants, we make use 
of concepts as valuation and ultra-pscudo-scminorm and of some fundamental ingredients of the theory 
of topological C-modules elaborated in [2, 3]. Particular attention is given to C-linear maps and C- 
sesquilinear forms acting on locally convex topological C-modules and to their basic structure when we 
work on spaces of GE-type [5, Definition 1.1]. We introduce the property of being internal for subsets of 
Ge as the analogue of the basic structure for maps. Internal subsets will play a main role in the paper, 
in the existence and uniqueness theorems for variational equalities and inequalities of Sections 7 and 8. 
We conclude Subsection 1.1 by discussing some issues concerning the ring R of real generalized numbers: 
definition and properties of the order relation > , invertibility and negligibility with respect to a subset S 
of (0, 1], characterization of zero divisors and idempotent elements, infimum and close infimum in R. 

The second part of Section 1 deals with the class of C-modules with R-seminorms. Making use of the 
order relation > in R and of the classical notion of seminorm as a blueprint, we introduce the concept of 
R-seminorm on a C-module G ■ This induces a topology on G which turns out to be C- locally convex. In 
other words we find a special class of locally convex topological C-modules which contains the spaces of 
generalized functions based on a locally convex topological vector space as a particular case. 

Section 2 is devoted to the definition and the first properties of the family of topological C-modules 
which are the mathematical core of the paper: the Hilbcrt C-modules. They are defined by means of a 
generalized scalar product (-|-) with values in C which determines the R-norm ||u|| = (u\u) 2 . This means 
that they are particular R-normed C-modules. As first examples of Hilbert C-modules we consider the 
space Gh based on a vector space H with scalar product and more generally given a net (H £l )e> 
the quotient of the corresponding moderate nets over negligible nets (Proposition 2.7). 

In the intent of developing a topological and functional analytic theory of Hilbert C-modules^ we start in 
Subsection 2.2 by investigating the notion of projection on a suitable subset C of a Hilbcrt C-module G- 
This requires some new assumptions on C, such as being reachable from a point u of G, the property of 
being edged, i.e., reachable from any u, and a formulation of convexity in terms of R-linear combinations 
which resembles the well-known classical definition for subsets of a vector space but differs from the 
C-convexity introduced in [2]. In detail, we prove that if C is a closed nonempty subset of the Hilbcrt 
C-module G such that C + C C 2C and it is reachable from u £ G, i.e. the set {||u — w\\, w € C} has a 
close infimum in R, then the projection Pc(u) of u on C exists. The operator Pc is globally defined and 
continuous when C is edged and is C-linear when C — M is a closed and edged C-submodulc of G- We 
also see, by means of a counterexample, that the condition of being edged is necessary for the existence of 
Pm and that this operator allows us to extend any continuous C-linear map with values in a topological 
C-module from M to the whole of G- In this way we obtain a version of the Hahn-Banach theorem where 
the fact that M is edged is essential. Moreover, closed and edged submodules of G can be characterized 
as those submodules M for which M + M 1 - = G ■ 

Section 3 gives a closer look at edged submodules of a Hilbert C-module. For the sake of generality 
we work in _the context of K-modules, where IK is R or C, and we state many results in the framework 
of Banach K-modules. In our investigation on submodules we distinguish between cyclic submodules, 
i.e. generated by one element, and submodules generated by m > 1 elements. In particular, we prove 
that when a submodulc is finitely generated the property of being edged is deeply related to topological 
closedness and to some structural properties of the generators. We carefully comment our statements 
providing explanatory examples and counterexamples. 

The main topic of Section 4 is the formulation of a Riesz representation theorem for continuous C-linear 
functional acting on a Hilbert C-module. We prove that a functional T can be written in the form 
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T(u) = (u\c) if and only if there exists a closed and cyclic C-submodule N such that N 1 - C KerT. 
In particular, on Qh, the Riesz representation theorem gives necessary juid sufficient conditions for a 
C-linear functional to be basic. The structural properties of continuous C-sesquilinear forms on Hilbert 
C-modules are investigated by making use of the previous representation theorem. 

In Section 5 we concentrate on continuous C-linear operators acting on a Hilbert C-module. In detail, we 
deal with isometric, unitary, self-adjoint and projection operators obtaining the following characterization: 
T is a projection operator (i.e. self-adjoint and idempotent) if and only if it is the projection Pm on a 
closed and edged C-submodule M. 

A version of the Lax-Milgram theorem valid for Hilbert C-modules and C-sesquilinear forms is proved in 
Section 6 for forms of the type a(u, v) — (u\g(v)), when we assume that the range of g is edged and that 
a satisfies a suitable coercivity condition. This theorem applies to any basic and coercive C-sesquilinear 
form on Qh and plays a relevant role in the applications of the last section of the paper. 

Section 7 concerns variational inequalities involving a continuous R-bilinear form in the framework of 
Hilbert R-modules. Under suitable hypotheses on the set C C Q we prove that the problem 

a(u, v — u) > (f\v — u) , for all v € C 

is uniquely solvable in C if a is a symmetric, coercive and continuous R-bilinear form and the functional 
I{u) = a(u, u) — 2 (f\u) has a close infimum on C in R. This applies to the case of basic and coercive forms 
on Qh when C is internal and can be extended to basic R-sesquilinear forms which are non symmetric 
via some contraction techniques. The theorems of Section 7 are one of the first examples of existence 
and uniqueness theorems in the Colombeau framework obtained in an intrinsic way via topological and 
functional analytic methods. 

The paper ends by discussing some concrete problems coming from partial differential operators with 
highly singular coefficients, which in variational form can be solved by making use of the theorems on 
variational equalities and inequalities of Section 7. The generalized framework within which we work 
allows us to approach problems which are not solvable classically and to get results consistent with the 
classical ones when the latter exist. 



1 Basic notions 

This section of preliminary notions provides some topological background necessary for the comprehension 
of the papei\ Particular attention is given to Colombeau spaces of generalized functions, locally convex 
topological C-modules and topological C-modules with M-seminorms. Main references are [2, 3, 5]. 

1.1 Colombeau spaces of generalized functions and topological C-modules 
1.1.1 First definitions, valuations and ultra-pseudo-seminorms 

Let E be a locally convex topological vector space topologized through the family of seminorms {pi}i £ i. 
The elements of 

Me ■■= {(u £ )e G £ (M : Vi E I 3N E N p t {u £ ) = 0(s~ N ) ase -» 0}, 
N E := {{u £ ) E G : Vze/VqeN Pi (u e ) = O(e q )ase^0}, 

are called immoderate and E- negligible, respectively. The space of Colombeau generalized functions based 
on E is defined as the quotient Qe '■= Me/Ne- 

The rings C = £m/N of complex generalized numbers and R of real generalized numbers are obtained by 
taking E = C and E = R respectively. One can easily see that for any locally convex topological vector 
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space E (on C) the space Ge has the structure of a C- module. We use the notation u = [{u e ) £ \ for the 
class u of (u e ) £ in Ge- This is the usual way adopted in the paper to denote an equivalence class. 

C is trivially a module over itself and it can be endowed with a^structure of a topological ring. This is 
done by defining the valuation v of a representative (r E ) E of r e C as sup{& el: \r e \ — 0(e b ) as e — > 0}. 
By observing that v((r e ) e ) = v((r' £ ) e ) for all representatives (r e ) e , {r' e ) e of r, one can let v act on C and 
define the map 

| ■ | e := C -» [0, +00) : u -» |u| e := e~ v(M) . 

The properties of the valuation on C make the coarsest topology on C for which the map | • | e is continuous 
compatible with the ring structure. It is common in the already existing literature [7, 9, 10, 11] to use 
the adjective "sharp" for such a topology. 

A topological C-module is a C-module G endowed with a C-linear topology, i.e., with a topology such that 
the addition G G ^> G (u,v) ^> u + v and the product C x G — » G ■ (A, u) — > Am are continuous. A 
locally convex topological C-module is a topological C-module whose topology is determined by a family 
of ultra-pseudo-seminorms. As defined in [2, Definition 1.8] an ultra-pseudo-seminorm on G is a map 

V :G ^[0, +00) such that 

(i) P(0) = 0, 

(ii) V{Xu) < \\\ c V(u) for all A e C, it G Q, 

(iii) V(u + v) < max{V(u),V(v)}. 

Note that since |[(e" a ) e ]| = |[(£ a ) e ]| _1 , from (ii) it follows 
(ii)' T(\u) = \\\ c T(u) for all A = [(ce°) e ], c e C, a e M, u £ Q. 

The notion of valuation can be introduced in the general context of C-modules as follows: a valuation on 
on G is a function v : G — ► (— 00, +00] such that 

(i) v(0) = +00, 

(ii) v(Au) > vg(A) + v(u) for all A e C, u e G, 

(iii) v(u + v) > min{v(w), v(v)}. 

As above, from (ii) it follows that 

(ii)' v(Au) = v £ (A) + v(u) for all A = [(ce a ) e ], c e C, a e 1, m € (?. 

Any valuation generates an ultra-pseudo-seminorm by setting "P(u) = c~ v ("). An ultra-pseudo-seminorm 

V such that V(u) = if and only if u = is called ultra-pseudo-norm. The topological dual of a 
topological C-module G is the set L(Q,C) of all continuous and C-linear functionals on G- A thorough 
investigation of L(G, C) can be found in [2, 3] together with interesting examples coming from Colombeau 
theory 

The family of scminorms {p{\i^i on E equips Ge with the structure of a locally convex topological 
C-module by means of the valuations 

v P4 ([(u e ) e ]) := v P4 ((u e ) e ) := sup{6 e R : Pl (u E ) = 0{e b ) as e -> 0} 

and the corresponding ultra-pseudo-seminorms {Vi}i£i, where Vi{u) = e~ Vp ^ u \ 
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1.1.2 Basic C-linear maps and C-sesquilinear forms 

Let (Q, {Vi}iei) and (!F, {Qj}j£j) be locally convex topological C-modules. Theorem 1.16 and Corollary 
1.17 in [2] prove that a C-linear map T : Q — > T is continuous if and only if it is continuous at the origin, 
if and only if for all j £ J there exists a constant C > and a finite subset Iq of I such that the inequality 

(1.1) Qj(Tu) <CmaxVi(u) 
holds for all u £ Q. 

In the particular case oiQ = Qe and T = Qf, we recall that a C-linear map T : Qe — > Qf is frasic if there 
exists a net (T £ ) £ of continuous linear maps from E to F fulfilling the continuity-property 

(1.2) Vj G J3Iq C /finite BA^G N3?? e (0,1] VuG FVe e (O.rj] 9j(T £ u) < r^^ftW, 

and such that Tu = [(T e (tt e )) e ] for all u G It is clear that (1.2) implies (1.1) and therefore any basic 
map is continuous. 

This notion of basic structure can be easily extended to multilinear maps from fej x - x ^ fo- In 
this paper we will often work with basic C-sesquilinear forms. A basic C-sesquilinear form a on Qe x Qf 
is a C-sesquilinear map a from Qe x Gf - * C such that there exists a net (a e ) e of continuous sesquilinear 
forms on E x F fulfilling the continuity-property 

(1.3) 3I C /finite 3J a C Jfinitc 3N £ N3ry £ (0,1] Vu G FVw e FVe e (0,?y] 

|o e (u,w)| < e _JV ^Pi(u) ^(u), 

and such that a(u,v) — [(a s (u s ,v s )) s ] for all u £ Qe and w € CJ^- 

1.1.3 Internal subsets of Qe 

A subset A £ Qe is called internal [8] if there exists a net (A £ ) ££ ( 0l i) of subsets A £ £ E such that 

A = {u £ Qe ■ 3 representative (u e ) s of w 3e G (0, 1) Ve < £o u e £ A e }. 

If all A £ 7^ 0, then we can take eo = 1 in the previous definition without loss of generality The internal 
set corresponding with the net (A e ) e is denoted by [(A £ ) £ ]. 

Let E be a normed vector space and A an internal subset of Qe- Then the following hold [8]: 

(i) A is closed. 

(ii) Let u £ Qe- If A is not empty, then there exists v £ A such that \\u — v\\ = mm we A \\u — w\\ [8]. 

1.1.4 Some properties of the ring of real generalized numbers 

We finally concentrate on the ring R of real generalized numbers. It can be equipped with the order 

relation < given by r < s if and only if there exist (r £ ) £ and (s £ ) £ representatives of r and s respectively 

such that r £ < s £ for all e G (0, 1]. We say that r £ R is nonnegative iff < r. We write r > if and only 

if r > and r ^ 0. Equipped with this order, R is a partially ordered ring. One can define the square 

~ i i 

root of a nonnegative generalized number r £ R by setting — [(r £ 2 ) £ ], for any representative (r £ ) £ of 

r such that r £ > for all e. We leave it to the reader to check that |r 2 | = \r\^ for all r £ R and that 

i i 

\r 2 |o = \r\i for all r > 0. In the sequel we collect some further properties concerning the order relation 
in R which will be useful in the course of the paper. 
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Proposition 1.1. Let a,b,b n ,r be real generalized numbers. The following assertions hold: 

(i) r > if and only if there exists a representative (r £ ) £ of r such that r e > for all e £ (0, 1] if and 
only if for all representatives {r e ) e of r and for all q £ N there exists n £ (0, 1] such that r e > —e q 
for all e £ (0, rj\; 

(ii) if a>0, b > and a 2 < b 2 then a < b; 

(Hi) if a <b n for all n G N and b n — > b as n — > oo then a < b. 

Let S C (0, 1]. We denote by eg e K the generalized number with the characteristic function (xs(e))e as 

representative, and S c = (0, 1] \ S. Then clearly, e s ^ iff G S and e s ^ 1 iff G S 5 . 

Let zeC and 5 C (0, 1] with eg 7^ 0. Then z is called invertible w.r.t. S if there exists z' £ C such that 

zz' = e§; z is called zero w.r.t. S if ze$ = 0. The following holds [12]: 

Let {z e ) £ be a representative of z. 

(i) z is zero w.r.t S iff (Vm G N)(3t? > 0)(Ve G 5 n (0, r?))(|z £ | < e m ) iff (VT C 5 with e T ^ 0)(z is not 
invertible w.r.t. T); 

(ii) z is invertible w.r.t. S iff (3m G N)(3n > 0)(Ve G S D (0, r?))(|z £ | > e m ) iff (VT C 5 with e T ^ 0)(z 
is not zero w.r.t. T). 

Finally we have the following characterizations of the zero divisors and the idempotcnt elements of C. 
Let z,z' £ C such that zz' = 0. Then, there exists S C (0,1] such that zes = and z'egc = [12]. If 
z = z 2 then there exists 5 C (0, 1] such that z = es [1]. 

1.1.5 Inflma in M 

Let 4CR. As in any partially ordered set, 6 £ M is a lower bound for A iff <5 < a, for each a G A; the 
infimum of A, denoted by inf A, if it exists, is the greatest lower bound for A. As the set of lower bounds 
of A is equal to the set of lower bounds of A, inf A exists iff inf A exists and in that case, inf A = inf A. 
The following proposition gives a characterization of the infimum. 

Proposition 1.2. Let A <Z~R. Let 5 G M be a lower bound for A. The following are equivalent. 

(i) 5 = inf A; 

(ii) Vm G N MS C (0, 1] with e s ^ 3a G A ae s £ (5 + [(e) e ] m )e s ; 

(in) Vm G N VS C (0, 1] with e s ^ 3T C S with e T ^ 3a G A ae T < (5 + [{e) £ ] m )e T . 

Proof, (i) (ii): suppose there exists m G N and S C (0,1] with eg ^ such that for each a £ A, 
ae s >(S+ [(e) £ ] m )e s . Then also a > ae s - + (5+ [{e) e ] m )e s >6+ [(e) e ] m e s . So S + [{e) e ] m e s is a lower 
bound for A. As e s ^ 0, 5 ^ inf A. 

(ii) => (Hi): if aes (8+ [(e)e] m )es, then there exists T C S with er^O such that aer < (S+[(e) e ] m )eT- 
(Hi) (i): let p £ R be a lower bound for A. Suppose p ^ 5. Then there exists 5 C (0, 1] with es 7^ 
and m G N such that pes > (5 + [(e) E ] m )es- By hypothesis, there exists T C S with er ^ and a G A 
such that ae T < (6 + [(e) e ] m+1 )e T - Hence (S + [(e) £ ] m )e T < pe T < (6 + [(e) £ ] m+1 )e T , which contradicts 
the fact that ey ^ 0. □ 

The infimum of A is called close if inf A £ A. In this case we use the notation inf A. Unlike in K, an 
infimum in R is not automatically close. 
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Example 1.3. Let T C (0, 1] with e T ^ and e T <= + and let A = {e T + [(e) £ ] m e T c : m G N} U 
{eT c + [(£) E ] m eT : m € N}. Clearly, is a lower bound for A. Let 5 G R be a lower bound for A Then 
S < lim n ^ 00 (eT + [(e) e ] n eT' c ) = e-r, hence <5eT<= < and similarly, Sex < 0. So <5 = <5eT<= + (Jey < and 
inf A = 0. On the other hand, \e T + [(e) £ ] m e T c| c = |e T c + [(e) £ ] m e T | c = 1, for each m G N. Hence £ A 

The close infimum can be easily characterized as follows. 

Proposition 1.4. Let ACM. Le£ i5 £ 1 a Zower bound for A. Then S is a close infimum iff 

VmeNlei a<6+[(e) £ ] m . 

Clearly, if A reaches a minimum, then inf A = min A and the infimum is close. 
1.2 C-modules with IR-seminorms 

We introduce the notion of R-seminorm on a C-module Q. This determines a special kind of topological 
C-modulcs: the C-modules with R-seminorms. 

Definition 1.5. Let Q be a C-module. An 'R-seminorm on Q is a map p : Q — > R such that 

(i) p(0) = and p(u) > for all u € Q; 

(ii) p(Xu) = \X\p(u) for all X G C and for all u G CJ; 
fm_j p(u + v) < p(u) + p(v) for all u,v G Q. 

An R-seminorm p such that p(u) — if and only ifu = is called M.-norm. 

From the properties which define an R-scminorm we easily see that the coarsest topology which makes a 
family {pi}iei of R-seminorms on Q continuous equips Q with the structure of a topological C-modulc. 
Hence, any C-module with R-seminorms is a topological C-module. More precisely we have the following 
result. 

Proposition 1.6. Any R-seminorm p on Q generates an ultra-pseudo-seminorm V by setting V(u) := 
|p(u)| e = e~ v ( p (")). The C-linear topology on Q determined by the family of R-seminorms {pi}iei coincides 
with the topology of the corresponding ultra-pseudo-seminorms {Vi}iei- 

Proof. The fact that V is an ultra-pseudo-seminorm follows from the properties of p combined with the 
defining conditions of the ultra-pseudo-norm | • | c of R. The families {pi}i & i and {Vi}iei generate the 
same topology on Q since for all 77 > 0, S > and u G G we have that 

{« € G : Pi («) < [(£- logr ')s]} C {u G G : Pi(u) < rj} C {u G G : < \{e~ log "- 5 ) £ ]}. 

□ 

In the particular case of ^ = Ge, where (E, {pi}iei) is a locally convex topological vector space, one 
can extend any seminorm pi to an R-seminorm on Ge- This is due to the fact that if (u £ ) e G Me then 
{Pi(u e )) e G E M and if (u e - u' e ) £ G 7V E then \pi(u £ ) - p,(u £ )| < pi(u £ - u' e ) = 0(e q ) for all q G N. 
Proposition 1.6 says that the sharp topology on Ge can be regarded as the topology of the R-seminorms 
Pi{u) :— {(pi(u £ )) £ ] as well as the topology of the ultra-pseudo-seminorms Vi(u) = \pi(u)\ e . 

Proposition 1.7. Let (G,{Pi}iei), (J 7 , {lj}jej) an d {^,{ r k\keK) be topological C-modules with R- 
seminorms. 
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(i) A C-linear map T : Q — > T is continuous if and only if the following assertion holds: for all j G J, 
there exist a finite subset I of I and a constant Cel such that 

(1.4) qj (Tu)<Cj2Pi(u) 

iei 

for all u € Q . 

(ii) A C-sesquilinear map a from Q x T to TL is continuous if and only if for all k G K , there exist 
finite subsets Jo and Jo of I and J respectively and a constant Cel such that 

(1.5) r k (a(u,v)) <C^2pi(u)^2qj(v), 

iei jeJo 

for all u G Q and v G T . 

Proof. If the inequality (1.4) holds then the C-linear map T is continuous, since from (1.4) we have that 

Qj(Tu) < \C\ e wax.Vi(u). 
ieio 

This characterizes the continuity of T as proved by Corollary 1.17 in [2]. Assume now that T is continuous 
at 0. Hence, for all j G J and for all c G K there exist b G M and a finite subset 7 01 1 such that qj{Tu) < 
[(e c )e] if £ jeJo Pi(u) < K^W- Let q G N. For any u G we have that [(e fc ) £ K(E ie /„ Pi(«) + K^W) 
belongs to the set of all f G ^ such that ^ ie i a Pi{v) < [(e h )e]- Thus, 

Letting q go to oo we conclude that (1.4) is valid for C = [{e c ^ b ) e \. 

The proof of the second assertion of the proposition is similar and therefore left to the reader. □ 

We consider now the framework of Colombeau spaces of generalized functions based on a normcd space 
and we provide a characterization for continuous C-linear maps given by a representative. We recall that 
a representative (T £ ) £ of a C-linear map T : Qe — *• Qf, if it exists, is a net of linear maps from E to F 
such that {T £ u £ ) £ G M F for all (u e ) e G M E , {T £ u £ ) £ G Mf for all (u e ) e G A/e and Tw = [(T £ u £ ) £ ] for all 

u= [{u £ ) e ] g 

Proposition 1.8. Let £7, F 6e normed spaces and let (T £ ) £ be a net of linear maps from E to F such 
that (T £ u £ ) £ G Mf for each {u £ ) £ G Me- Then (T £ u £ ) £ G Mf for each (u £ ) £ & Me and (T £ u £ ) £ G Mf 
for each {u £ ) £ G Me- 

Proof. Let (u £ ) £ G Me, i-e., there exists N G N such that ||u e || < e~ N , for sufficiently small e. Suppose 
that (T £ u £ ) £ £ Mf- Then we can find a decreasing sequence (e n ) n(E N with lim„ e n — such that 
\\T £n u £n \\ > Let v £n = u £ „e£ /2 , Vn G N and let v £ = 0, if e £ {e n : n G N}. Then for any M G N, 
1 1 w £ 1 1 < \\u £ e M \\ < e M - N , for sufficiently small e, but for each n G N, ||T £r > £ J|| = £™ /2 ||T £ „(u £ JII > 
e„™ / ' 2 . Hence v £ G A/e, but T £ (i) £ ) £ Me, which contradicts the hypotheses. 

Similarly, let (u s ) £ G Me, i-e., for each m G N, ||u £ | < e m as soon as e < r\ m G (0,1]. Suppose that 
(T £ u £ ) £ £ Mf- Then we can find to G N and a decreasing sequence (e n )rteN with lim„ e n = 0, such that 
s n < Vn and ||T £n (u £n )|| > e™, Vn G N. Let v £ri = u £ „£~" /2 , Vn G N and let v £ = 0, if e £ {e n : n G N}. 
Then for each n G N, \\v £ J\ < |KJ|^ n/2 < £^ /2 , but ||T £ > £ J|| = ||T £n (u £ J|| £^ /2 > £™"" /2 . Hence 
w £ G A/e, but T £ (v £ ) £ Me, which contradicts the hypotheses. □ 

Inspired by a similar result in [8] we obtain the following proposition. 
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Proposition 1.9. Let E and F be normed spaces and T : Qe — > Qf a C-linear map. If T has a 
representative {T £ ) e then it is continuous. 

Proof. We prove that if (u e ) s G Ne implies (T £ u £ ) £ G Nf then 

(1.6) Vn G N 3m G N 3eo G (0, 1] Ve G (0, eo) Vw G E \\u\\ e < e m => \\T e u\\ F < e n . 

Indeed, if we negate (1.6) then we can find some n' G N, a decreasing sequence e m converging to and 
some u £m G E with ||u em ||.E < e™ such that ||Te m ii £m || > ej^. Let now u £ — u £m for e G [e m , £ m ~i) and 
u £ = for e G [eo, 1]- By construction we have that (u e ) £ G Me and ||2e m u em ||ir > e n m for all m. This is 
in contradiction with (T e u £ ) £ G Nf- 

The assertion (1.6) says that for all n G N there exists a neighborhood U = {u G Qe ■ \\ u \\e < [( e " l )e]} 
of which has image T(U) contained in the neighborhood V — {v G Gf ■ \\ v \\f < [( £ ™)e]}- Hence, the 
map T is continuous at and thus continuous from Qe to Qf- □ 

Proposition 1.10. Let E and F be normed spaces, T be a continuous C-linear map from Qe to Qp with 
a representative and C > in R. Then, the following assertions are equivalent: 

(i) \\Tu\\ F < C\\u\\ E for allueQ E ; 

(ii) for all representatives (T £ ) £ of T , for all representatives (C £ ) £ of C and for all q G N there exists 
i] G (0, 1] such that 

(1.7) \\T £ u\\ F < (C e +e q )\\u\\ E 
for all u G E and e G (0, rj\; 

(Hi) for all representatives {T £ ) £ ofT there exists a representative {C £ ) £ of C and rj G (0, 1] such that 

(1.8) ||T e u|| F <C e ||u|| B 
for all u G E and e G (0, rj\. 

Proof. From Proposition 1.7 we have that the continuity of T is equivalent to (i). In order to prove that 
(i) implies (ii), we begin by observing that (i) is equivalent to claim that es||Tit||F < Ces||u||£; for all 
S C (0, 1]. We want to prove that the negation of (ii) implies that there exists a subset S of (0, 1] and 
some u G Qe such that es||Tu||i? > Ces||u||s. From 

3(T £ ) £ 3(C £ ) £ 3qeny V e (0,l]3ee (0, V }3ueE \\T £ u\\ f > (C £ + e q )\\u\\ E 

we have that there exists a decreasing sequence (Ek)k C (0, 1] converging to and a sequence (u £k )k of 
elements of E with norm 1 such that 

\\T £k (u £k )\\ F >(C £k +el). 

Let us fix x G E with ||:e||,e = 1. The net u £ — u £k when e — Sk and u £ = x otherwise generates an 
element u — [(u £ ) £ \ of Qe with M-norm 1. Let now S = {sk ■ k G N}. By construction we have that 

e s \\Tu\\ F = l(xsT £k (u £k )) £ } > e s (C + [(e«) e ]) > e s C. 

This contradicts (i). It is easy to prove that (ii) implies (Hi). Indeed, by fixing representatives (T £ ) £ 
and (C £ ) £ of T and C respectively, we can extract a decreasing sequence (r] q ) q ^ tending to such that 
||T e (u)||^ < (C' £ + e q )\\u\\ E for all u G E and e G (0,r} q ]. The net n £ = s q for e G (ri q+1 ,n q ] is negligible 
and therefore C £ = C £ + n £ satisfies (1.8) on the interval (0,?7o]. Finally, it is clear that (Hi) implies 
(t). □ 

Note that from the previous propositions we have that if T is given by a representative (T £ ) £ , then it is 
a basic map. 
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2 Hilbert C-modules 
2.1 Definition 

This section is devoted to the definition and the first properties of the class of topological C-modules which 
are the mathematical core of the paper: the Hilbert C-modules. In the intent of developing a topological 
and functional analytic theory of Hilbert C-mqdules, we start in Subsection 2.2 by investigating the notion 
of projection on suitable subsets of a Hilbert C-modulc Q. This requires the new concept of edged subset 
of Q and a formulation of convexity, which differently from the C-convexity introduced in [2] , resembles 
the well-known classical definition for subsets of a vector space. 

Definition 2.1. Let Q be a C-module. A scalar product (■]■) is a C-sesquilinear form from Q x Q to C 
satisfying the following properties: 



(i) (u\v) = (v\u) for all u,v € Q , 

(ii) (u\u) G M and (u\u) > for all u € Q , 
(in) (u\u) = if and only if u = 0. 

In the sequel we denote y/ (u\u) by ||u||. 

Since C is not a field, the following proposition is not immediate. 

Proposition 2.2. Let Q be a C-module with scalar product (■]■). Then for all u,v e Q the Cauchy-Schwarz 
inequality holds: 

(2.9) | Hz;) | < IMIIMI. 

Proof. Let a E C. By definition of a scalar product we know that ||u + av\\ is a positive generalized real 
number. Hence, the C-sesquilinearity of (-|-) yields 



(2.10) < \\u + av\\ z = \\u\\ z + a(u\v) + a(u\v) + \a\ z \\v\\ z . 

We will derive the Cauchy-Schwarz inequality (2.9) from (2.10) by choosing a suitable sequence of a e C. 
In detail, let a n := - (u\v) /(\\v\\ 2 + [(e™)]). The equality (2.10) combined with ||w|| 2 < ||w|| 2 + [(e n )] yields 

o< N , 2 \mi iwi 2 i iwi 2 M 2 

" IMI 2 + [(^)] IHI 2 + [(£")] (IHI 2 + [(e")]) 2 11 " 

<„ M2_ 2 l(*)P , l(«HI 2 



\M 2 + [(£")] INI 2 + [(£")] 
Hence, 

0< \\u\\ 2 (\\v\\ 2 + [(£")])- | (u\v) | 2 

for all n, and since the sequence (||w|| 2 + [(&")])« tends to ||w|| 2 in M it follows that the Cauchy-Schwarz 
inequality (2.9) holds. □ 

We use the Cauchy-Schwarz inequality in proving the following proposition. 

Proposition 2.3. The map || • | : Q — > R : u — > ||u|| := (u\u) 2 is an R-norm on Q and the map 

i i 

V : Q — » [0, +oo) : u — * \ (u\u) 2 | e = | (u\u) | 2 is an ultra-pseudo-norm on Q. 
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Proof. The third property of Definition 2.1 ensures that = if and only if u = 0. Let us now take 
A G C. From the homogeneity of the scalar product we have that 

||A U !| = (A U |A U )^ = (|A| 2 || U || 2 )^ = |A||| U ||. 

Finally we write ||u + v\\ 2 as ||u|| 2 + 2Re(u|w) + ||u|| 2 and since Re(u|w) < | (u\v) | we obtain from the 
Cauchy-Schwarz inequality (2.9) that 

\\u + v\\ 2 <\\u\\ 2 + \\v\\ 2 + 2\(u\v)\<(\\u\\ + \\v\\) 2 . 

It follows that \\u + v\\ < \\u\\ + \\v\\ for all u, v G Q. Thus, || • || is an R-norm on Q. Proposition 1.6 

i i 

combined with the fact that | A= | e = | Aj J allows us to conclude that V is an ultra-pseudo-norm. □ 

From Proposition 1.6 we have that a C- module Q with scalar product (-|-) can be endowed with the 
topology of the R-norm || • || generated by (-|-) or cquivalcntly with the topology of the ultra-pseudo-norm 
V(u) = | (u\u) 1 1 . This means that any C- module with a scalar product is a C- module with an R-norm 
and hence a topological C-module. Proposition 2.2 combined with Proposition 2.3 yields the following 
continuity result. 

Proposition 2.4. Let Q be a C-module with scalar product (■]■), topologized through the ultra-pseudo- 
norm V(u) = | (u\u) | c 5 . The scalar product is a continuous C-sesquilinear map from Q x Q to C. 

Definition 2.5. A Hilbert C-module is a C-module with scalar product (-|-) which is complete when 
endowed with the topology of the corresponding ultra-pseudo-norm V. 

Since a closed subset of a complete topological C-module is complete, we have that a closed C-submodule 
of a Hilbert C-module is itself a Hilbert C-module. 

Example 2.6. 

(i) A first example of a Hilbert C-module is given by Gh, where (H, (■]■)) is a Hilbert space. The scalar 
product on Qh is obtained by letting (-|-) act componentwise on the representatives of the generalized 
functions in Qh as follows: (u\v) = [({u e \v e )) e }. By Proposition 3.4 in [2] one can omit the assumption of 
completeness on H and still obtain that Gh is complete with respect to the sharp topology induced by 
the scalar product. 

(ii) The topological structure on Qh determined by the scalar product of H can be equivalently generated 
by any continuous C-sesquilinear form a on Qh x Qh such that a(u, v) = a(v,u) for all u,v e Qh, 
a(u, u) > for all u G Qh and the following bound from below holds: 

(2.11) 3C e R,C > 0, invcrtiblc, Vu G Q H a(u,u) > C\\u\\ 2 , 

(see also Definition 6.1). Since a satisfies the conditions of Definition 2.1, it is a scalar product on Qh and 
the corresponding Cauchy-Schwarz inequality is valid. Hence, ||u|| := a(u,u)i is an R-norm. Combining 
the continuity of a with the estimate (2.11) we have that || • || a is equivalent to the usual R-norm || • ||. 
this means that there exist C\ , C% > real generalized numbers such that 

ClIHI < ||w|| a < C2IMI 

for all u G Qh- 

A further example of a Hilbert C-module is provided by the following proposition 

Proposition 2.7. Let (H e ,(-\-) H ) £ be a net of vector spaces with scalar product and let Q be the C-module 
obtained by factorizing the set 

M (Hc)c ={{u £ )e ■ VeG (0,1] « e G H £ andBN eN\\u\\ Hs = 0(e~ N )} 
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of moderate nets with respect to the set 

M(H e)e = {(u £ ) e : Ve e (0, 1] u £ E H £ and Vq E N \\u\\ He = 0(e 9 )} 
of negligible nets. Let (■]■) : Q x Q ^ C be the C-sesquilinear form defined as follows: 
(2-12) (u\v) = [((u s \v E ) Hs U 

Then, (■]■) is a scalar product on Q which equips Q with the structure of a Hilbert C-module. 

Proof. Applying the Cauchy-Schwarz inequality componentwise in any Hilbert space H £ we have that 
(2.12) is a well-defined C-sesquilinear form on Q x Q such that the properties (i), (ii), (Hi) of Definition 
2.1 are fulfilled. Let Q be endowed with the topology of this scalar product, i.e., with the topology of the 
R-norm j|u|| = [(||«e||ff e )e]- We want to prove that any Cauchy sequence in Q is convergent. If (u n ) n is a 
Cauchy sequence then we can extract a subsequence (u nk )k and a corresponding subsequence ((u nk . £ ) £ )k 



of representatives such that \\u 



\ He < e k for all e E (0,£fc), with £ fe \ 0, eu < 2 k for all 



k E N. Arguing as in the proof of [2, Proposition 3.4] we set hk :£ — u n k+1 ,s — u n k ,e f° r e <= (0,£fc) and 
hk, e = for e E [sfe, 1]. Obviously, (hk^)e <= M{h e ) e an d ||/ifc, £ ||ff E < £ fe on the whole interval (0, 1]. Let 
now 

oo 
k=0 

This sum is locally finite and moderate, since 

oo oo oo 

II h k,e\\H c + \\Un„,e\\H e < ^ 4 + IK , e ||ff e < ]T 2 ~ fe + |K ,e|k E - 



\Ue\\H e < m ■ II'-' 
k=0 



k=0 



k=0 



Hence, (u £ ) £ generates an element of Q. By construction the sequence {u nk )k converges to u. Indeed, for 
all k > 1 we have that 



\U„-e ~ Ue\\H e = 



k=0 



and the proof is complete. 





oo 


<s~ k 


H E 


k=k 


H E 






defined i 



<^ 1 ^£ fe <£^ 1 ^2- fe 



k=k 



k=k 



□ 



Proposition 2.8. The Hilbert C-module Q 
(algebraically and isometrically) isomorphic with an internal submodule of a Hilbert C-module Gh for 
some pre- Hilbert space H. 



Proof. Let H = Q) X e(o 1] ^\ be the direct sum of the pre-Hilbert spaces H\, which is by definition the 
set of all nets (ma)ag(o,i], where u\ E H\, for each A, which satisfy X)ag(o i] II u a||^ a < +00. This is a 
pre-Hilbert space [6, Section 2.6] for the componentwise algebraic operations and the inner product 

Ae(o,i] 

(When all H\ are Hilbert spaces, the direct sum is actually a Hilbert space ([6, Section2.6]). Each H\ 
is canonically (algebraically and isometrically) isomorphic with a submodule H\ of H by the embedding 
/-a: H\ — > H: b\{u) = with u\ = u, = if pi 7^ A. Hence we can consider the internal 

subset \(H £ ) £ ] C Gh- Let now 1: Q — > Gh be defined on representatives by i((u e ) E ) — (i e (u e )) e . Since 
ll u ellff = ||te(we)|| H i f° r cacn ( L e{ u e))e belongs to Mh, resp. Mh iff i u e)e belongs to M.(H e ) e , resp. 
J\f(H e ) E - Hence 1 is well-defined and injective. Clearly, the image of 1 is contained in [(H £ ) £ ]. Conversely, 
each v E [(H £ ) £ ] has a representative (v e ) e with each v £ E H £ . So v £ — l £ (u £ ), for some u £ E H £ . Again 
by ||w e || ff = ||A e (u e )|| H , the net (u £ ) £ belongs to M(h e ) e , so it represents u E G with i(u) = v. □ 

We see from the previous proposition that there is no loss of generality by considering the C-modules Gh 
instead of the factors M.(H e ) e /N{H e ) e - 
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2.2 Projection on a subset C 



Definition 2.9. Let Q be a Hilbert C-module and C a nonempty subset ofQ. We say that C is reachable 
from u £ Q if 

mi w< z C \\u - w\\ 

exists inR. C is called edged if it is reachable from any u £ Q. 

From the definition it is clear that if C is edged then u+C is edged too for all u £ g. Since inf we ^||u— w\\ = 
inf we c\\u — w\\ we have that C is edged if and only if C is edged. 

Theorem 2.10. Let C be a closed nonempty subset of the Hilbert C-module Q such that C + C C 2C. If 
C is reachable from u £ Q then there exists a unique v £ C such that 

\\u — v\\ = inf \\u — w\\. 

wee 

The element v is called the projection of u on C and denoted by Pc (u) . 

Proof. Note that when inf u , e c , ||' lt — w \\ exists in R one has that inf™ gel I u — w\\ 2 = (inf we c\\ u — w ll) 2 - 
As the properties of C are translation invariant, we can assume u = 0. We set inf^gcllHI 2 = <$ in R. 
By definition of close infimum we can extract a sequence w n in C such that ||w r i|| 2 — » 5. The fact that 
C + C C 2C* implies that w ™+ w ™ belongs to C for all n, m £ N. So, 

(2.13) 0< \\w n - w m \\ 2 = -4|| Wn + Wm || 2 + 2|K|| 2 + 2||w m || 2 < -4^ + 2||w„|| 2 + 2||w m || 2 . 

From ||w„|| 2 — > S it follows that (w„)„ is a Cauchy sequence in C and therefore it is convergent in Q to 
an element v of C. By continuity of the R-norm we have that ||w|| 2 = 6. Finally, if we assume that there 
exists another v' £ C such that ||w'|| 2 = S, the inequality (2.13) is valid for v — v' and proves that v = v' 
in Q. □ 

Corollary 2.11. Let C be a closed edged subset of the Hilbert C-module g such that C + C C 2C. Then, 
for all u £ g there exists a unique v £ C such that 

\\u — v\\ = inf \\u — w\\. 

wee 

The following example shows that the hypothesis of close infimum is necessary in the assumptions of the 
previous theorem. 

Example 2.12. There exists a nonempty closed subset C of C with AC + (1 — A)C C C, for each 
A £ [0, 1] := {x £ R : < x < 1} for which inf ce c |c| exists, but which is not reachable from £ C. 

Proof. Let for each n £ N, S„ C (0, 1] with e s „ ^ and 5„ n S m = if n ^ m. Let T = {T C (0, 1] : 
e T and e T e Sn = 0,VneN}U{S„:ne N}. Let A = {e T c : T e T}. We show that inf A = 0. Let 
p £ R, p < for each T £ T. Suppose that p ^ 0. Then there exist {7 C (0, 1] with e\j ^ and m e N 
such that pen > [(e) e ] m eu- Then also [{e) e ] m eues n < pejjes n < esce[/es n = 0, so ejjes n = 0, Vn. Hence 
[/ eT, and [(e) £ ] m e;y < pe^ < eu^ejj = 0, which contradicts 7^ 0. 

Now let B = {A1O1 H h A m a m : m S N, a 3 e A, A^ £ [0, 1], EjLi -\/ = l }- Tncn also inf B = and 

XB + (1 — \)B C _B, for each A G [0, 1]. We show that is not a close infimum for B. 
Let Ai<2i + • • • + X m a rn £ B. Fix representatives Xj tS of Aj and let 

Uj = {e £ (0, 1] : \j j£ = max(Ai, e , . . . , \ m ,e)}- 

Then e V] = YhLi ^i e Uj < m\ e v ^ for j = 1, . . . ,m. So Aiai H h \ m a m > ^(e^oi H h e Um a m ) 

with |J C/j = (0,1]. Let aj = eT c , e T. By the definition of T, there exists n e N such that 

er 1 e Sn = ■■■ = e Tm e Sn = 0. Then Aiai H + A m a m > ^(e^erf H h e C / m e T c i )e s „ > ^e s „. Hence 

|Aiai + • • • + A m a m | > 1. Consequently, ^ B. 

Finally, let C = ~B. □ 
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Under the hypotheses of Corollary 2.11 we can define the map Pc as the map which assigns to each 
u G Q its projection on C. A careful investigation of the properties of the map Pc requires the following 
lemma, which is obtained by observing the proof of Theorem 2.10. 

Lemma 2.13. Let C be a closed nonempty subset of the Hilbert C-module Q such that C + C C 2C, u 
an element of Q such that C is reachable from u and (v n ) n a sequence of elements of C. If \\u — v n \\ — ► 
inf we c \\ u ~~ w \\ = \\ u ~ -Pc( u )|| i n K then v n — > Pc(u) in Q. 

Proposition 2.14. Let C be a closed edged subset of the Hilbert C-module Q such that C + C C 2C. TTie 
operator Pc has the following properties: 

(i) Pc(u) = u if and only if u G C; 
(n) Pc{G) = C; 
(m) Pi = P C ; 

(iv) Pc is a continuous operator on Q. 

Proof, (i) It is obvious that u belongs to C if it coincides with its projection. Conversely, if it G C 
then \\u-P c (u)\\ = inf 

wt =c \\ u — w \\ — and therefore u — Pq{u). The assertion [ii) is trivial and 
from (i) it follows that the operator Pc is idempotent. Let us now prove that Pc is continuous. Since 
Q is a metric space it is sufficient to prove that Pc is sequentially continuous, i.e., u n — > u implies 
Pc{ u n) — * Pc( u )- This is guaranteed by Lemma 2.13 if we prove that the sequence ||u — Pc(u n )\\ 
converges to \\u — Pc(u) \\ in K. The triangle inequality, valid in R for ||-||, combined with the fact that 

\\Un - Pc(Un)\\ < \\u n - Pc(u)\\ leads to 

\\u - P c (u n )\\ < \\u - u n \\ + \\u n - P c (u n )\\ < 2\\u - u n \\ + \\u - Pc(«) li- 
lt follows that 

< \\u-P c {u n )\\ - ||«-Pcf(u)|| < 2||«-« n ||. 
Since u n — » u, we conclude that \\u — Pc(u n )\\ — ► ||u — Pc(u)\\ in M. □ 

Proposition 2.15. Let C be a closed nonempty subset of the Hilbert C-module Q such that AC+(1 — A)C C 
C for all real generalized numbers A G {[(e 9 ) e ]} 9(E N U {\}. C is reachable from u G Q if and only if there 
exists v G C such that 

(2.14) Re (it - v\w - v) < 

for all w G C. In this case v — Pc(u). 

Proof. We begin by assuming that C is reachable from u. Then, Pc(u) G C and \\u— Pc(u)\\ 2 = 
inf^gc \\u — w\\ 2 . Let w G C. By the hypotheses on C we know that (1 — [(e q ) e ])Pc(u) + [(e q ) E ]w belongs 
to C. Hence, 

||« - Pc(u)\\ 2 <\\u- P c (u) - [(e«) s ](w - P c (u))\\ 2 

<\\u- P c (u)\\ 2 - 2[(e") e ]Re (u - P c {u)\w - P c {u)) + [(e q ) £ ] 2 \\w - P c (u)\\ 2 . 

By the previous inequality and the invertibility of [{s q ) £ } we obtain 

Re (u - P c (u)\w - Pc(u)) < [ ^-\\w - P c (u)\\ 2 . 
Letting q tend to oo we conclude that Re (u — Pc(u)\w — Pc{u)) < 0. 



14 



Assume now that «eC and Re (u — v\w — v) < for all w £ C. By the properties of a scalar product 
we can write 

|| w — v\\ 2 — \\u — w\\ 2 = \\u — i>j| 2 — || w — v\\ 2 + 2Rc (u — v\w — v) — \\w — v\\ 2 < 

for all i»eC. This means that ||u — v\\ 2 < inf„, e c \\u — w|| 2 and since v e C we conclude that ||u — v\\ 2 = 
min^gc" \\ u — w \\ 2 - Thus, v = Pc(u). □ 

In Proposition 3.11 we will prove that under the assumptions of the previous theorem, in fact AC + (1 — 
A)C C C for all A e [M] = {x £ R : < x < 1}. 

Corollary 2.16. Let M be a closed C-submodule of Q . Then, defining the C-submodule M := {w £ 
Q : Vu £ M (w\v) — 0}, we have that M is reachable from u £ Q if and only if there exists v £ M such 
that u — v £ M 1 - if and only if u £ Q can be uniquely written in the form u = U\ + u 2 , where U\ £ M 
and ii2 £ M- 1 . 

Proof. Since M is a closed C-submodule, (2.14) is equivalent to (u — v\w) — for all w £ M. Indeed, 
Re (u — v\w) — and from (u — v\ — iw) =0we have Im (u — v\w) = 0. Hence, u = v + (u — v), where 
v £ M and u — v £ M 1 - are uniquely determined by the scalar product on Q since M (~l M L = {0}. □ 

Corollary 2.17. Let M be a C-submodule of Q . Then, 

(i) M is closed and edged if and only if Q = M M 1 - , i.e., Q = M + M 1 - and M n M 1 - = {0}. 
If M is closed and edged, the following holds: 

(ii) if M 1 - = {0} then M = Q; 
(m) = M; 

(iv) the projection Pm is a C-linear operator on Q; 
(v) (P M (u)\u) > for all u £ Q; 

(vi) M 1 - is closed and edged and P M ± (u) = u — Pm{u). 

Proof, (i) is clear from Corollary 2.16. Let us assume that Q = M + M 1 - and that u £ M. It follows 

that u = ui + it 2 with u x £ M and u 2 £ M^. So, u - u x = u 2 £ ~M n M = {0}. Hence, u £ M and M 
is closed. From Corollary 2.16 we have that M is edged. 

(ii) Assume now that M 1 - = {0}. Then M has to coincide with Q. This follows from the fact that any 
u £ Q\M can be written as u\ + u 2 , where u\ £ M and u 2 ^ belongs to M . 

(Hi) By construction M C M . From the first assertion of this proposition we know that any u £ M ±J - 
can be written as u\ + u 2 , where u\ £ M C M^ 1 - and u 2 £ M^. Hence, u 2 ~u — u\ £ M ±A - and since 
u 2 £ M 1 - we obtain that (u 2 \u 2 ) = 0. It follows that u £ M. 

(iv) The C-linearity of the operator Pm is due to the uniqueness of the decomposition u\ + u 2 = Pm(ui) + 
Pm(u2)+(ui+u 2 -Pm(ui)-Pm(u2)), where Pm(ui)+Pm(u 2 ) £ M and ui-\-u 2 -Pm(ui)-Pm(u 2 ) £ M^. 
Analogously, for all A £ C one has that XPm(u) £ M, X(u — Pm(u)) £ M 1 - and Am = \Pm(u) + X(u — 
Pm(u)). 

(v) We write u as the sum of u — Pm(u) £ M 1 - and Pm(u) £ M. It follows that 

(P M (u)\u) = (P M (u)\u - P M (u)) + (P M (u)\P M (u)) - ||Pm(«)|| 2 . 

(vi) It is clear that if M is a closed C-submodule then M 1 - is a closed C-submodule too. We want to 
prove that M 1 - is edged, i.e. it is reachable from every element of Q. By Corollary 2.16 we know that 
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every element u of Q can be uniquely wriiten as Pm(u) + (u — Pm(u)), where u — Pm(u) £ M^. By 
assertion (Hi) we have that Pm(u) £ M = M ±± . So, again by Corollary 2.16 we conclude that M 1 is 
reachable from u. □ 



Remark 2.18. In [12] it is shown that for Q = C and M a maximal ideal (in particular a closed 
submodulc) of C, M 1 - = {0} and thus M ±J - = {0}. Hence, the condition that M is edged can not be 
dropped in the statements (ii) and (iii) of the previous corollary. 

The proof of Corollary 2.20 makes use of the following lemma. 

Lemma 2.19. Let a, b, c £ R with a, b, c > 0. If b < a and ab < ac then b < c. 

Proof. Fix a representative (a e ) e of a. Let for each n £ N, S n — {e £ (0,1) : \a £ \ > e n }. Since a is 
invertible with respect to S n , we have that bes n < ces n < c. Further, < b — bes n = bes? < ae sg — * 0, 
so b — lim„ bes n < c. □ 

Note that Lemma 2.19 allows us to deduce for positive real generalized numbers a and c that a 2 < ac 
implies a < c without involving any invertibility assumption on a. 

Corollary 2.20. Let C be a closed edged subset of the Hilbert C-module Q such that AC + (1 — X)C C C 
for all real generalized numbers A £ [0, 1]. Then, 

\\Pc(ui) - Pc(u 2 )\\ < |K-u 2 || 

for all ui,u 2 £ Q ■ 

Proof. From Proposition 2.15 we have that the inequalities Re (u\ — Pc( u \)\Pc( u 2) — Pc( u i)) < and 
Rc(u 2 - P C (u 2 )\Pc(ui) - Pc(u 2 )) < hold for all u u u 2 £ Q. Thus, 

- Rc (ui - P C (ui)\P C {ui) - Pc(u 2 )) + Re (u 2 - P C (u 2 )\P C (ui) - P C (u 2 )) 
= Rc (U2 - ui + Pc(ui) - Pc(u 2 )\P C (ui) - P C (u 2 )) 

= Rc(u 2 - ui|P c («i) - Pc(u 2 )) + \\Pc(ui) - Pc(u 2 )\\ 2 < 0. 
By the Cauchy-Schwarz inequality, it follows that 

\\Pc(ui) -Pc(u 2 )\\ 2 < Re(«i-« 2 |Pc(«i)--Pc(«2)) < ||«i-«2||||i > cr(«i)-i > c(«2)||. 
Lemma 2.19 allows us to deduce that ||Pc(ui) — Pc(u 2 )\\ < \\ui — u 2 \\. □ 

When we work on the Hilbert C-module Gh and the set C C Q H is internal, the projection operator Pc 
and the set C 1 - have the following expected properties. 

Proposition 2.21. 

(i) Let H be a Hilbert space, (C e ) e a net of nonempty convex subsets of H and C := [(C e ) e ]. If C 7^ 
then it is closed and edged and Pc(u) — [(pQ e (u e )) E ] for all u £ Gh- 

(ii) In particular if (C e ) e is a net of closed subspaces of H then C 1 - = [(C s ) e ]. 

Proof, (i) Let u = [(u e ) e ] £ Gh- Working at the level of representatives we have that ||u £ — (u e )|| = 
inf mC p \\u e — w\\. Let v be an arbitrary element of C. Then there exists a representative (v e ) e such 
that v e £ C e for all e and ||u £ — P^ (u £ )\\ < \\u £ — v £ \\. Since \\P^ (u £ )\\ < \\P^ (u £ ) — u £ \\ + \\u £ \\ < 
\\u £ — w e || + ||we||, the net (||P^ (M e )||) £ is moderate . It follows that ||u — [(P^ (u e )) e ]|| < \\u — v\\ for all 
v £ C. Since, as proved in [8], the set C is closed and edged, by Corollary 2.11 we have that [{Pq (u E )) E ] 
coincides with Pc(u). 

(ii) The inclusion [(C e x ) e ] C C 1 - is clear. If u £ C 1 - then Pc(u) = and from the first assertion of 
this proposition the net (||Pc e (u e )||) e is negligible. So, (u £ — Pc e (u £ )) £ is another representative of u and 
u £ — Pc E (u £ ) belongs to for each e. □ 
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We conclude this section with a version of the Hahn-Banach theorem for operators acting on Hilbcrt 
C-modules. 

Theorem 2.22. Let Q be a Hilbert C-module, M a closed and edged C-submodule ofG and Ji a topological 
C-module. Let f : M — > H be a continuous C-linear map. Then, f can be extended to a continuous C- 
linear map on Q. 

Proof. Take the projection operator Pm- From Corollary 2.17 we know that Pu ■ G — > M is C-linear and 
continuous and that Pm{u) — u when u g M. Thus, f o P M : Q — > H is a continuous C-linear extension 
off- □ 

Since there exists a (without loss of generality, closed) submodulc M of C and a continuous C-lincar 
functional T : M — > C which can not be extended to the whole of C [12], we see that the condition that 
M is edged can not be dropped in the previous theorem. 



3 Edged submodules 



In this section, we have a closer look at edged submodules of a Hilbert C-module (cf. Definition 2.9). In 
the case of finitely generated submodules, it appears that edged submodules can be characterized by a 
topological condition (Theorem 3.16). Some of the results hold for more general M-normed K-modules 
(here IK denotes either R or C) fulfilling the following normalization property. 

Definition 3.1. A H-normed K-module Q fulfills the normalization property if for all u g Q there exists 
v in Q such that = u. 

Proposition 3^2. Let Q be an M.-normed K-module. Then Q has thejiormalization property iff for each 
u g G and AeK, the following holds: if \\u\\ < C\X\, for some CeK, then there exists v g Q such that 
u = \v. 



Proof. =>: By absolute convexity of ideals in K, there exists \i £ K such that ||u|| = By the 

normalization property, there exists v g Q such that \\u\\v = u. Hence u = X(^iv). 

<=: choose A = ||u|| . □ 



We observe that the Colombeau space Ge of generalized functions based on the normed space E fulfills 
the normalization property. 

Proposition 3.3. Let E be a normed space. The 'K-module Ge fulfills the normalization property. 



Proof. Let u G Ge with representative (u £ ) e . We define v £ as u e /||u e || when \\u £ \\ ^ and otherwise. 
The net (v e ) e is clearly moderate and u e ||ti e || = u £ for all e. This defines an element v € Ge such that 
= u. □ 

Note that Definition 2.9 can clearly be stated in the more general context of M.-normcd K-modulcs. We 
recall that a Banach K-module is a complete ultra-pseudo-normed K-module [2, 4]. 

Proposition 3.4. Let M be a closed submodule of a Banach K-module G and let G/M be endowed with 
the usual quotient topology. 

(i) G/M is a Banach K-module. 

(ii) If G is R-normed and M is edged, then G/M is R-normed. 

(Hi) If G is a Hilbert C-module and M is edged, then G/M is a Hilbert C-module. 
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(iv) If Q is a Hilbert C-module satisfying the normalization property and M is edged, then M has the 
normalization property. 

Proof, (i) By [2, Example 1.12], the relative topology on Q /M is generated by one ultra-pseudo-seminorm. 
It is easy to check that this ultra-pseudo-seminorm is an ultra-pseudo-norm if M is closed. By Proposition 
4.25 in [4] we have that Q/M is complete. 

(ii) for u G Q, let u := u + M G Q/M. We define ||.||: Q/M -> M: = \si weM \\u - w\\. As M is 
edged, the infimum exists. It is easy to see that ||u|| does not depend on the representative u G Q, that 
> and ||0|| = 0. If = inf^gM \\u — w\\ — 0, then there exists a sequence (w n ) n with w n G M 
and u = lim„ w n . Hence u G M = M and u = 0. Let ui,u 2 E Q and 101,102 € M. Then 

II €*i + U2II = inf ||ui + u 2 — w\\ < \\ui + u 2 — fttfi + 102) II ' : ll u i — w i\\ + \\ u 2 — W2\\- 
weM - n n 

Taking the infimum over w\ <E M and 102 £ M, we obtain \\ui + U2W < \\ui\\ + \\u2\\- Now let u e Q and 
AeK. Then 

||AO||= inj M|A«-HI< inf ||A«-AHI= inf |A| ||n - HI = |A| inf ||« - W || = |A| ||ti||. 

w£M w£M weM w£M 

If A = 0, the converse inequality trivially holds. If A ^ 0, let S C (0, 1] with eg ^ such that A is 
invertible w.r.t. S, say A/i = es, and let w € M. Then 

\\\e s u-w\\ > ||Ae s u-w||e s = || Xe s u - \e s {fJ,w)\\ > inf j| Ae s ?i - Ae s w|| = |A|e s ||u||. 

weM 

Fix a representative (A e ) e of A and let S n = {e e (0, 1] : |A e | > e"} for each neN. Then es„ 7^ and A 
is invertible w.r.t. S n for sufficiently large n. As A = lim„ Xes n , by the continuity of the M-norm, 

||Am — w\\ = lim \\Xes n u — w\\ > lim |A| e5 n ||u|| = |A| ||u|| . 

n n 

Taking the infimum over w e M, we obtain ||Aw|| > |A| ||u||. So |.| is an R-norm on Q/M. By the 

continuity of the sharp norm |.| c on M and the fact that |.| c is increasing on {x e K : x > 0}, the 
corresponding ultra-pseudo-norm 



T(u) 



inf \\u — w\ 

weM 



= inf I ||it — w||| = inf V(u — w) 
weM n] 11 lo weM y ' 



is the usual quotient ultra-pseudo-norm. 

(iii) The map /: Q/M — > M : u + M 1— > P M ±(u) is well-defined, since for f G £ with u + M = 
v + M, P M ± (u) — P M ± (v) = P M ± (u — v) = 0. Further, / is C-linear and surjective and \\u + M\\ = 
iai we M \\u — w\\ = \\ u — Pm{u)\\ = \\Pm^{u)\\, so / is an algebraic and isometric isomorphism. Hence 
Q/M is a Hilbert C-module for the scalar product (u + M\v + M)gj M := (P M ± (u)\P M ± (v))g. 

(iv) Let u G M. If there exists v G Q such that \\u\\v = u, then Pm{v) G M and by the linearity of the 
projection operator, ||m||Pm(w) = Pm{\\u\\v) = Pm{u) = u. □ 



3.1 Cyclic submodules 

Definition 3.5. Let Q, TL be K-modules with R-norm ||.||. A map cf>: Q — > H is an isometry iff 
\\<f>(u) — <f>(v)\\ = \\u — v\\ , for each u,v G Q. 

The submodules considered in the sequel are always IK-submodules. We recall that a JC-modulc M is 
called cyclic iff it is generated by one element, i.e., there exists u G M such that M = uK. An ideal / of 
IK (in short I < K) which is generated by one element is said to be principal. Before proving Proposition 
3.8 we collect some results concerning the ideals of IK which will be used later. Detailed proofs can be 
found in [12]. 
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Proposition 3.6. Let I <K. 

(i) I is absolutely order convex, i.e., if x £ I, y £ K and \y\ < \x\ then y £ I. 

(ii) If x £ I is invertible w.r.t. S C (0, 1] then es £ I. 

(in) A principal ideal I of K is closed if and only if there exists S C (0, 1] such that I — egK. 
Theorem 3.7. For an ideal I o/K, the next statements are equivalent: 

(i) I is internal 

(ii) I is closed and edged 
(ii') I is edged 

(Hi) I is a direct summand o/K, i.e., there exists an ideal J o/K such that I + J = K and I n J = {0} 
H (3SC (0,l])(/ = e s K). 

Proof, (i) => (ii): holds for any nonempty internal set of K [8]. 
(ii) (m): by Corollary 2.17, I + I 1 - = K and I n = {0}. 

(m) ^> (iw): by hypothesis, 1 = a + b with a £ I and 6 e J. As afe e / n J, a6 = 0. Let x £ I. Then 
x6 £ I n J, so x6 = and x = x(a + b) = xa. So I = aK. As a = a(a + b) = a 2 , a is idempotent, hence 
a = es for some S C (0, 1]. 

(w) (i): let 7 £ = K, if e e 5 and I £ = {0}, otherwise. Then / = [(/ e ) e ]. 

(ii) ^ (ii'): let / be edged. As I is closed and edged, the previous equivalences show that / = esK, for 
some S C (0, 1]. But if eg € I, then es G 7 by Proposition 3.6, so I = I. □ 

Proposition 3.8. Let M = uK be a cyclic submodule of an R-normed K-module Q. 

1. M is isometrically isomorphic with the ideal ||u||K < K. 

2. M is isometrically isomorphic with an ideal I < K and ||u||K C I C ||u||K. If Q is a Banach 
K-module, then I = ||u||K. 

3. If v £ M and \\v\\ is invertible w.r.t. S, then ve$ £ M. 
4- If v £ M and \\v\\ < c\\u\\, for some eel, then v £ M. 

5. If v £ M and \\u\\ < c\\v\\, for some eel, then M = vK. 

6. If there exists w £ Q and S C (0,1] such that M = wK and \\w\\ — es (or equivalently, \\u\\ is 
invertible w.r.t. S and zero w.r.t. S c ), then M is closed. 

7. IfG is a Banach K-module, then M is closed iff there exists w £ Q and S C (0, 1] such that M = wK 
and \\w\\ — es- 

8. If M is closed, then any edged submodule N of M is closed and cyclic. 

9. If Q has the normalization property, then M is contained in a closed cyclic submodule of Q. 

10. If Q has the normalization property, and M is edged, then M is closed. 

11. If Q is a Hilbert K-module, v £ Q and \\v\\ < c\\u\\, for some ceM, then there exists Pm(v) £ M, 
which is both the unique element of M such that \\v — Pm(v)\\ = d(v,M), and the unique element 
of M such that (v\u) = (Pm(v)\u). 
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12. If Q is a Hilbert K-module and M is closed, then M is edged. If u is a generator of M with 
idem-potent norm, then for any v G Q, Pm{v) = (v\u)u. 

13. If Q is a Hilbert K-module with the normalization property, then M x± = M. 

Proof. (1) Define <j>: M -» K: 4>{\u) = X\\u\\ (A e K). Then the equality ||Au - HI = \H Xu ) ~ </>0«)l 
shows that <j> is well-dchncd and isometric (hence also injective). It is easy to check that <f> is K-linear 
and <j)(M) = \\u\\K. 

(2) We extend (f>: M — > IK to a map M — > K by defining 0(lim„ X n u) := lim„ (f>(X n u). Because (\ n u) n is a 
Cauchy-sequence, (<^(A n u))„ is also a Cauchy-sequence in K, and hence convergent in K. To see that <f> is 
well-defined, let lim„ X n u = lim„ [i n u. Then also the interlaced sequence (Aim, \i\u, . . . , X n u, /i n u, • • ■ ) is 
a Cauchy-sequence. Hence also (^(Aitt), (f){niu), . . . , </>(A„u), 4>{^ n u), . . . ) is convergent to lim„ <f)(\ n u) = 
lim„ (j>(n n u). It is easy to check that also the extended 4> is linear and isometric and that 4>(M) is an 

ideal of K such that ||m||K C <fi(M) C ||w||K. If Q is complete, we find that the image under of 
any convergent sequence in H^HK (say to A G |M|K) is a Cauchy sequence, and hence convergent to an 
element v E M. By definition of the extended map <f>, we have that <fi(v) = A and therefore <fi(M) = ||u||K. 

(3) As 4> is an isometry, \4>{v)\ is invertible w.r.t. S. As (j)(v) e ||u||K, by Proposition 3.6(m), e 
Hence also <fi(ves) — <j>(v)es <E <fi(M). So ve$ 6 M by the injectivity of <j>. 

(4) As 4> is an isometry, \((>(v)\ = \\v\\ < c\\u\\. By absolute order convexity of ideals in K, 4>{v) e ||u||K = 
4>{M). So v G M by the injectivity of <f>. 

(5) As ||w|| < c\\v\\ = c\<j>{v)\, by absolute order convexity of ideals in K, \\u\\ = fJ,<j)(v), for some /iel. 
So 4>(u) = \\u\\ = <fi(tiv), and u e vK by the injectivity of <j>. It follows that M = vK. 

(6) Let us assume that ||u|| is invertible w.r.t. S and zero w.r.t. S c . Then, there exists A € R such that 
A||u|| = es = ||Am|| and ||u||esc = 0. It follows that ues" = or equivalently u — ues- Hence, uK = XuK 
and we can choose w = Xu. Now, 4>{M) — \\w\\K. = esK is closed in K, hence complete, so also M is 
complete, hence closed. 

(7) Let M be closed. As a closed submodule of a Banach K-module, M is complete. By part 1, also ||w||K 
is a complete, hence closed principal ideal of K. By Proposition 3.6(m) this implies that ||u||K = esK 
for some S C (0, 1]. 

(8) By part 7, we may assume that ||u|| = es, for some S C (0, 1]. If N is edged, then it is reachable from 
any element of M. By the isometry, also <f>(N) is reachable from every element of 4>{M) = egK. Hence, 
for each A <G <f>(N) C e s IK and /iel, 

I A* - A| = |/i - A| e S c + \fi - X\ e s = e S c + \^ie s - A| , 

so 4>{N) is also reachable from fj,. This implies that <j>(N) is an edged ideal of K and by Theorem 3.7 that 
(f>(N) is closed (hence complete) and principal. So N is closed and cyclic. 

(9) Consider v G Q with \u\v = u. Then = ||u||, so ||u||(l — \\v\\) = 0. By a characterization 
of zero divisors in R, there exists S C (0,1] such that || w|| es<= = and |M|es = es- Let w — ve$. 
Then \\w\\ — es, hence the cyclic submodule wK is closed by part 6. Further, u = ues — \\ u \ w , so 
M = uK C wK. 

(10) By parts 8 and 9. 

(11) By the Cauchy-Schwarz inequality (2.9), |(u|u)| < ||w||||u|| < c||u|| 2 , so by absolute order convexity 
of ideals in K, there exists AeK such that (v\u) = A||u|| 2 . We show that Pm{v) — Xu. First, for /i e K, 
(tiu\u) — (v\u) iff (ji — A)||?ij| 2 = 0. It follows that also \fj, — X\ 2 \\u\\ 2 = \\(fi — X)u\\ 2 = 0, so [iu = Xu, 
and Pm(v) is the unique clement in M such that (v\u) = (Pm(v)\u). From this equality, it follows that 
||i> — Pm(v) + n u \\ = \\ v ^ Pm(v)\\ + \\fJ,u\\ , which is only minimal if [iu = 0. 

(12) By part 7, we can suppose that ||w|| = es for some S C (0, 1]. In particular, ||escu|| = 0, so u = esu. 
Let v e Q. Let p = (v\u) u € M . Then (v — p\u) = (v\u) — (v\u) (u\u) = (v\esu) — (v\u) es = 0. It follows 
from Corollary 2.16 that M is reachable from v. So, M is edged and p = Pm(v). 

(13) By parts 7, 9 and 12, M C wK with to! closed and edged, and \\w\\ — es for some S C (0, 1]. Let 
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v e M ±± . If A e K and («|AuO = O^then (w|Aw) = 0. By Corollary 2.17, M^ 1 - C (rf) 11 = raK. Let 
be the isometric embedding wK — > K: 4>(Xw) — Xes- Since is a K- linear isometry, also preserves the 
scalar product. For a G egK, (a|^>(Aw)) = aAeg = aA. So if A G K and <p(u)X = 0, then </>(v)A = 0, i.e., 
is orthogonal to any A G (fi(M) 1 - (orthogonal complement in K). Hence </>(i>) G (^(M)- 1 -^ = <j>(M) 
since 0(M) is a principal ideal of K [12]. By part 2, 4>{M) = <j)(M). By the injectivity of </>, v G M. The 
converse inclusion holds for any submodulc. □ 

The following example shows that the normalization-property can not be dropped in Proposition 3.8 
part 10. 

Example 3.9. Let for each m G N, S m C (0, 1] with G 5 TO and such that £„ n S m = if n ^ m. 

Let /3 £ = e m , for each e G S TO , and /3 e = for e G (0,1] \ \JS n . Let (3 G M be the element with 

representative (f3 s ) s . 

Then £/ = /3K, the closure in K of /3K, is a Hilbcrt K-module and /3K ^ /3K as it is proven in [12]. Then 
M = [3K is an edged cyclic submodule of Q, since for each u G G, mf ve M\u — v\ = 0. Yet /3K is not closed 
in g. 

The following example shows that Proposition 3.8 part 1 does not hold for a j;eneral Banach K-modulc 
Q. In particular it provides an example of a Banach K-module which is not R-normed and proves that 
a quotient of a Hilbert K-module over a closed but not edged submodule is not necessarily a Hilbcrt 
K-module itself. We recall that for 7 G K, Ann(7) denotes the set of all x G K such that x-f = 0. 

Example 3.10. Let f3 G K as in Example 3.9. Then Q = K//3K is a cyclic Banach K-module. Yet Q is 
not algebraically isomorphic with an ideal of K. 

Proof. By Proposition 3.4, Q is a Banach K-module. For x G K, we denote by x, the class x + J3K G Q. 
Then Q is generated by the element T G Q. Suppose that Q = I (as a K-modulc), for some / < K. Then 
there exists a G K such that I = aK. By the algebraic isomorphism, xl = iff xa = 0, Vx G K. So the 
annihilator ideal Ann(a) = Ann(l) = f3K. But Ann(a) is either principal, cither it is not the closure of 

a countably generated ideal, whereas (3K is the closure of a countably generated ideal, but not principal 
[12]. □ 

By means of Proposition 3.8, we are now able to prove that the formulation of convexity on C given in 
Proposition 2.15 automatically holds for all the values of A in [0, 1] = {x G K : < x < 1}. 

Proposition 3.11. Let C be a closed edged subset of the Hilbert C-module Q such that AC+(1 — A)C C C 
for all A G {[(e) £ ]«} 9eN U Then AC + (1 - A)C* C C for all A G [M]. 

Proof. Let u,u' G C and A G [0, 1]. We show that v = Am + (1 — X)u' G C. As the properties of C are 
translation invariant, we may suppose that u' = (so v = Am). If ||m|| = 0, then trivially v = G C. So, 
without loss of generality |jw|| 7^ 0. Let S C (0, 1] with eg 7^ such that ||m|| is invertible w.r.t. S. Then 
||ues|| = ||u||es is invertible w.r.t. S and zero w.r.t. S c , so M — ue$C is a closed, edged submodule by 
Proposition 3.8. Let PM(Pc(v)es) = (fi + in)ues for some /1, k G M. Then Pc(v)es = (fi + iK)ues + w, 
with (u\w) — (ues\w) — 0. Fix representatives (A e ) e of A and (fi E ) e of \i. Let T = {e G S : X £ < ^i e }. 
Then < Xer < M e T- By Proposition 2.15, 

> Re (v - P c (v)\ - P c (v)) e T = -Re (v\P c (v)e T ) + \\Pc(v)\\ 2 e T 

= — A^||u|| 2 eT + (a* 2 + K2 )IMj 2 eT + ll w l| 2e T 

so 



< ||M)|| 2 eT + K 2 |]M|j 2 eT < (A — ^)^||w|| 2 eT < 0. 
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By the invertibility of w.r.t. S, (A — fi)^eT = wey = Key = 0. Then also < (A — /i) 2 eT = 
(A — /u)AeT < 0, and Xer — M e T- 

Denoting U = S \ T, we have \ie\j < Xejj < e\j. Again by Proposition 2.15, 

> Re (v - P C (v)\u - P c (v)) e v = Re (v\u) e v - Re (v\P c (v) eu ) - Rc (P c (v)\u) e v + \\P c (v)\\ 2 e v 

2 ^ M 2 2 2 2 2 

= A || -i* || eu - A/x||u|| eu - n\\u\\ e v + +k )\\u\\ e v + \\w\\ e v 

so 

< ||w|| 2 e[/ + K 2 ||u|| 2 e(7 < (A — /u)(y(i — l)||u|| 2 e;y < 0, 

hence, as before, (A — — ^) e u = we u = Ke u = 0. Then also < (A — [i) 2 ey < (A — — ^)e[/ = 0, 
and Xejj — \iejj. 

Together, this yields w — wes — 0, nes — and Aeg = lies- It follows that Pc{v)&s = M ue 5 = Xues — 
ves- Now fix a representative (||w|| e ) e of ||u|| and consider S n = {e € (0, 1] : ||it|| e > e™}, for n£N. Since 
||u|| 7^ 0, es„ 7^ for sufficiently large n. As ||u|| is invertible w.r.t. S n , Pc(v)es n — ves n for sufficiently 
large n. Further, as G C, ||Pc(f)|| < \\Pc(v) - v\\ + \\v\\ < 2\\v\\ < 2 |A| ||u||. As lim„ ||u||esc = 0, also 
lim„ \\Pc(v)\\e S r n = lim„ || f || e s = = 0, so v = lim„ ve Sn = lim„ P c (v)e Sn = Pc{v) eC. □ 

Theorem 3.12. 

(i) Let Q be a Hilbert ^-module with the normalization property. Then a cyclic submodule is edged iff 
it is closed iff it is generated by an element with idempotent R-norm. 

(ii) Let Qe be a Banach K-module constructed by means of a Banach space E. Then a cyclic submodule 
is edged iff it is closed iff it is generated by an element with idempotent norm iff it is internal. 

Proof, (i) Follows by proposition 3.8, assertions 7, 10, 12. 

(ii) By Proposition 3.3, Qe has the normalization property. So, by Proposition 3.8 we already have the 
implications edged =>• closed =>• generated by an element with idempotent ]R-norm. 
Let M = uK be a submodule of Qe, and suppose that ||u|| = e$, for some S C (0,1]. We show that 
M is internal. Let (u e ) e be a representative of u. As ues<= — 0, we may suppose that u £ — 0, for each 
e G S c . Let A E = u e K, for each e e (0,1]. If v = Am, for some A £ K, then there exist representatives 
such that v e = X E u e , so v <G [(A e ) e ]. For the converse inclusion, if v e [(A £ ) £ ], we find A e G IK such 
that, on representatives, v £ — X £ u £ . We may assume that A e = for e <E S c . Then, denoting by xs the 
characteristic function of S, the net (|A £ |) e — (||^ £ |[xs(e))e is moderate (since ||u|| is invertible w.r.t. S). 
So (A e ) e represents A e IK and v = Xu. 

Finally, any internal set in Qe is edged [8] . □ 

In spite of the obtained results, some elementary operations on cyclic modules appear not to preserve 
the property of being edged. Even in M 2 , neither intersections nor projections, nor sums preserve this 
property. 

Example 3.13. Let (3 e R as in Example 3.9. Then (1, /?)Rn (1, 0)R = Ann(/3) x {0} is not edged in R 2 
(since Ann(/3) is not edged in R [12]). Since ||(1,/3)|| is invertible by Theorem 3.12 we have that (1,/3)R 
is edged. 

Example 3.14. Let (3 eM. as in Example 3.9. Let M = (1,0)R C M 2 . Then P M ((/3, 1)R) = (/3,0)R is 
not edged in R 2 (since /3R is not generated by an idempotent [1]). 

This gives also an example of a projection of a closed submodule on a closed submodule which is not 
closed. 

Example 3.15. Let (3 e R as in Example 3.9. Let M = (1,/3)R+ (1,0)R C R 2 . As||(l,/3)|| and ||(1,0)|| 
are invertible, M is the sum of cyclic edged submodules. Yet M is not edged, since M = (0, /3)R+ (1, 0)R, 
so inf„ e M||(0, a) — v\\ = inf A ^ £ g(|^| 2 + \a — A/?^) 1 / 2 = inf A£ g \a — X(3\ does not exist for some a E R, 
since (ffi. is not edged. 
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This gives also an example of two submodules M, N with M + N ^ M + N. 
Concerning direct sums of edged submodules, see however Theorem 3.20 below. 

3.2 Submodules generated by m > 1 elements 

Theorem 3.16. Let Q be a Hilbert K-module and M a submodule of Q generated by m elements. Then 

1. M is a direct sum of m mutually orthogonal cyclic modules ('interleaved Gram- Schmidt'). 

2. M is isometrically isomorphic with a submodule M' o/K m . 

3. M is isometrically isomorphic with M' (closure in K m ). 

4- M is closed iff M is a direct sum of to mutually orthogonal closed cyclic modules. 

5. If M is closed, then M is edged. 

6. If M is closed, any edged submodule N of M is closed and finitely generated. 

7. If Q has the normalization property and M is a direct sum of mutually orthogonal cyclic modules 
Mi, M m , then there exist mutually orthogonal closed cyclic modules Nj such that Mj C Nj, 
for j = 1,..., m. 

8. If G has the normalization property and M is edged, then M is closed. 
Proof. (1) We proceed by induction on to. The case to = 1 is trivial. 

Let M = U\K+ ■ ■ ■ + u m K. Fix representatives (||u;|| ) e of ||uj|| and define recursively for j = 1, . . . , m 
Sj = {ee (0,1] : \\ Uj \\ s >max||« fc || e }\{Si,..., 1 S j _i}. 

Then es } es k — if j ^ k, and es 1 + • • • + &s m = 1- By Proposition 3.8, we can project ujes 1 on 
N = Uies 1 K, obtaining Uj = Ujes 1 — Pjv(wjes 1 ) with (u\\uj) — and uj — Ujes 1 (j > 1). With 
N' = U2IK + • • • + u m K, we also have Mes 1 — Uies 1 K + N' and u\ G N'- 1 . By induction, there 
exist mutually orthogonal generators Vm of N'. Since N'es 1 — N', — v^ > es 1 , for all 

j. With — uiesn we obtain to mutually orthogonal generators of Mes 1 - Similarly, we obtain 
to mutually orthogonal generators v[ k \ n™' of Mes k (k = 1, m) (in particular satisfying 
= v^es k )- Then Vj = EfcLi U = 1> • •> m ) are mutually orthogonal generators of M. 
By orthogonality, it follows that the sum is a direct sum: if Ej x j v j = 0> f° r somc Xj G IK, then 
= (Ej x j v j\ Ej x j v j) = Ej II VjIIj so each \ jVj = 0. 

(2) By part (1), M = wiKH \-v m K, with vj mutually orthogonal. Define <j>: M — > IK m : 0(Ej x j v j) = 

(Ai || wi||, . . . , A m ||w m ||) (Xj G K). Then, by the orthogonality, 

\\^(^2 X j V j) -^(^^j) =^2\\( X 3 - Vj^jf = \\52( X 3 - l*j) V 3 = \\^2 X 3 V 3 -^Wj > 

3 3 3 3 3 3 

which shows that <j) is well-defined and isometric (hence also injective). It is easy to check that <f> is 
K-linear. 

(3) We extend 0: M -> K m to a map M — > K m by defining </>(]ha n w n ) := lim„ (f>(w n ) (w n G M). 
Because (w n ) n is a Cauchy-sequence, (4>(w n )) n is also a Cauchy-sequence in K m , and hence conver- 
gent in K m . To see that <j> is well-defined, let lim„ w n = \im n w' n . Then also the interlaced sequence 
(101, w'i, . . . , w n , w' n , . . . ) is a Cauchy-sequence. Hence also (4>(wi), ^(w^ ),..., <j>(w n ), (f)(w' n ), ... ) is con- 
vergent to lim„ <f)(w n ) = lim„ 0(w^). It is easy to check that also the extended <f> is linear and isometric. 
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As Q is complete, we find that the image under cf)^ 1 of any convergent sequence in (j){M) (say to £ € <fi(M)) 
is a Cauchy s equenc e, and hence convergent to an element w £ M. By definition of the extended map </>, 
<j>{w) = £. So 4>{M) C (j)(M). The converse inclusion holds by continuity of 0. 

(4), (5) Let M be closed. By part 1, M = uiK + • • • + w m K with Uj mutually orthogonal. Let w £ u\K, 
so!D = lim„ X n ui, for some A„ eK. As M is closed, u> = ■ fJ-jUj, for some /ij EE K. By the continuity 
of the scalar product, (u>|wj) = lim„ X n (ui\uj) = for j > 1. So = = Mfc ( M fcl u i) = ^jll^jll 2 ) 

for j > 1. So also ||^jUj|| 2 = 0, for j > 1 and w = fi\Ui £ u\K. Similarly, UjK is closed (j = 1, . . . , m). 
Conversely, let M = u\K + ■ ■ ■ + u m K, with UjK. closed and Uj mutually orthogonal. By Proposition 3.8 
part 12, we know that Mj = UjK are edged. Let v £ Q. Let p = ^2 Pm, (v) £ M. Then by orthogonality, 
(v — p\uj) = (y — PMj{v)\uj) = 0. So, by Corollary 2.17(i) it follows that M is closed and edged. 
(6) Let M = u{K + • • • + u m K. As N is edged and closed, by the linearity of the projection operator Pjj, 
N = Pjj(M) = viK + • • • + v m K, with Vj = Pjj-Uj. By part 4, we may suppose that \\vj\\ = esj for some 
Sj C (0, 1] and that Vj are mutually orthogonal. So 



inf 



A' 



v ^-*ZjN v i = inf i: 3 w^eJv(|l-Mi| 2 es 1 +^II^ w jI| 2 ) 1/2 j 

3 J>1 



so for each to £ N, there exist J^j l 1 j v j € N with |1 — < [(£ m ) £ ], < [(e m ) e ]. For sufficiently 

large m, this implies that \i\ is invertible w.r.t. S\. Let — es 1 with Ai = Xies 1 - Then, |es x > 

(1 — [(e m ) E ])es 1 > \est- Hence, |Ai| < 2es x . So for each to, there exist Vi + J2j^i HjVj £ N with 

IIMj'^'II < [( £m )e]- Similarly, for each to, there exist Vk + ^2j^k^P v i "= N with H/U^UjH < [(e m )e] 
(k = 1 , . . . , to) . Then also linear combinations 

(v! + fJ-f^j) - M2 1)g 5 2 (v2 + »T v i) = (1 - ^es^es^vi + ^ v' 3 v j € N, 

with ll^WjH arbitrarily small. As 1 — /j,^ es 2 fJ>^ es r is invertible (for to sufficiently large), this also implies 
that there exist v\ + X^i 2^3 v j "= ^ with H/UjfjH arbitrarily small, and so on. We conclude that v\, 
■ ■ ■ , v m £ N. SoJV = N is closed and finitely generated. 

(7) Let M = u\K + ■ ■ ■ + u m K with Uj mutually orthogonal. By the normalization property, there exists 
v\ £ Q with ||ui||i>i = u\. As in Proposition 3.8 part 9, there exists S\ C (0,1] such that ||tti || es c = 
and ||^i || e^i = £Si- As (ui\uj) = for j > 1, also ||ui|| (vi\uj) = 0, so by a characterization of zero 
divisors in K, there exist Sj C (0, 1] such that ||«i||esc = and (v\\uj) es^ — 0. Let w\ — v\es 1 ■ ■ ■ e$ m - 
Then ||ioi|| — es 1 • • -es m is idempotent, hence W\K is closed by proposition 3.8 part 6. Further, u\ — 
u\es 1 • ■ -es m = so uiK C wiK. Finally, (wi\uj) = (v\\uj)es 1 ■ ■ -es m — 0, for j > 1. Similarly, 
we find W2 £ G such that w 2 K is closed, u 2 K C w 2 K and (u>2|wi) = {w2\u 3 ) = ■ ■ ■ = (w 2 \u m ) = 0, and so 
on. 

(8) By parts 1 and 7, M = u{K + • • • + u m K and there exist Wj with wjK closed, Uj £ wjK and Wj 
mutually orthogonal. As H = w{K is closed, it is itself a Hilbert K-module. We show that U\K is an 
edged submodule of H. 

So let A £ K. Since M is edged in Q, inf„ e M||Awi — v\\ exists. So by orthogonality, 



1/2 

Atui - V3 U 3 = ^.^(ll^i - Miwill 2 + H^jII 2 ) = ^mxgkII Xwi - 

J>1 



hence mK isjjdgcd in H. By Proposition 3.8 part 8, U\K is closed in H and by completeness, also in Q. 
Similarly, UjK is closed (j = 1, . . . , to). By the fourth assertion of this theorem, M is closed. □ 

Theorem 3.17. Let Qh be a Hilbert K-module constructed by means of a Hilbert space H. Then a finitely 
generated submodule M of Gh is edged iff M is closed iff M is a finite direct sum of mutually orthogonal 
closed cyclic modules iff M is internal. 
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Proof. Let M be a finite direct sum of mutually orthogonal closed cyclic modules, so M = u\~K+- ■ ■+u m K 
with uj mutually orthogonal and ||itj|| = esj, for some Sj C (0, 1]. We show that M is internal. 
Fix representatives (uj iE ) e of (uj). By interleaved Gram-Schmidt at the level of representatives, we may 
suppose that (uj t£ \uk, £ ) = 0, for j ^ k. As Ujes<; — 0, we may also suppose that uj tE — 0, for each e G Sj. 
Let A £ = ui, e K + • • • + ?i m , e K for each e G (0, 1]. If u e M, looking at representatives, v G [(A £ ) £ ]. 
Conversely, if v € [(A e ) e ], we find Xj. £ G K such that, on representatives, v £ = Xj. £ Uj^ £ . We may 
assume that A Ji£ = for e G S|. Then (i> £ |uj i£ ) = A Ji£ (uj )e |tij )£ ), so (Aj i£ ) £ are moderate (since ||uj|| arc 

invertible w.r.t. Sj). So (Aj i£ ) £ represent Aj G K and v = Ajtij G M. 
Further, any nonempty internal set in Qh is edged [8]. 

Since Qh has the normalization property, the other equivalences follow by the previous theorem. □ 
Theorem 3.18. 

(i) Let M be a finitely generated submodule ofK. d . Then M is generated by d elements. 

(ii) Let M be a submodule of a Hilbert K-module Q that is generated by m elements. Then any finitely 
generated submodule of M is generated by m elements. 

Proof, (i) Let M = u{K + • • • + u m K with m > d. Applying interleaved Gram-Schmidt at the level of 
representatives, we can obtain representatives (uj. £ ) £ of Uj such that for each e, (uj. £ \uk, £ ) = if j ^ k. 
Define recursively for j = 1, . . . , m 

Sj = {e G (0, 1] : \\uj\\ £ < max ||^||J \{S U ..., S^}. 

Then es j es k = if j ^ k and es 1 + • • • + eg m = 1. Let e G S\. Should u\ t£ ^ 0, then also Uj iE ^ 0, for all 
j. So we would obtain m > d orthogonal (hence linearly independent) elements of K d , a contradiction. So 
uie Sl = 0, and Me Sl = v[ 1} K+- ■ ■ + v^ ) _ 1 K, for vf ] = u j+1 e Sl . Similarly, Me Sk = v[ k) K+ ■ ■ ■ + v < £ ) _ 1 K, 

for some G K d satisfying — e$ k (fc = 1, . . . , m). Then vj = J2k=i v ^ U = 1> ■ ■ ■ > m — ^) 
are to — 1 generators of M. 

(m) Follows from part 1 and Theorem 3.16. □ 

Theorem 3.19. Lef M, N be edged submodules of a Hilbert K-module Q. If M _L iV, i/ien M + N is 
edged and M + N = M + N. 

Proof. First, by the continuity of the scalar product in Q, if M _L TV then also M _L TV. 
Let v eg. For each u G M, 

(« - (PmM + %(«))!«) = ((« - PsM) + Pn(v)\u) = 

by the properties of the Pjf and the fact that M _L N. Switching roles of M and N, we obtain that 
v- (Pm(v) + P w (v)) G (M + N)^. As alsoP^) + P w {v) G M+Jf, _it follows from Coroll ary 2.17 that 
M + TV is closed and edged. AsM + JVCM + JVCM + JV and M + N is closed, M + N = M + N. □ 

Theorem 3.20. £ef M, JV 6e submodules of a Hilbert K-module Q. Let M be closed and finitely generated, 
and N closed and edged. If M (~l N = {0}, then M + N is closed and edged. 

Proof. We proceed by induction on the number to of generators of M. 

First, let M — uK be cyclic. By Proposition 3.8, we may suppose that ||u|| = eg, for some 5 C (0,1]. 
Now suppose that ||u — Pn(u)\\ is not invertible w.r.t. S. Then there exists T C S with G T such 
that \\uer — Pn{u)ct\\ = \\u — Pn{u)\\ er — 0, so uex = Pn{u)ct G MtlN, and Huerll = &s e T — 
e T 7^ 0, which contradicts M n N = {0}. As < \\P N {u)\\ < \\u\\, also ||u - P N (u)\\e S c = 0, and 
M' = (u — Pn(u))K is also closed, hence edged by Proposition 3.8 parts 6 and 12. Since M' _L TV, by 
Theorem 3.19, M + N = M' + N is closed and edged. 

Now let M be generated by to elements. By Theorem 3.16, M is a direct sum of a closed cyclic module Mi 
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and a closed module M 2 generated by m— 1 elements. By induction, as M 2 C\N = {0}, M 2 +N is closed and 
edged. As also M x + (M 2 + TV) is a direct sum, then by the first part of the proof M + N = M\ + (M 2 + N) 
is closed and edged. □ 



4 A Riesz-representation theorem for continuous C-linear func- 
tional on Q 

In this section we consider Hilbert C-modules with the normalization property and we prove a Riesz 
representation theorem for the corresponding continuous C-linear functionals. 

Theorem 4.1. Let Q be a Hilbert C-module with the normalization property and T a continuous C-linear 
functional on Q . The following assertions are equivalent: 

(i) there exists a closed edged C-submodule M of KerT and a subset S of (0, 1] such that 

(a) there exists u\ G M with ||ui|| = 65; 

(b) \\u\\ = e s \\u\\ for allue M^; 

(c) T{u)v - T(v)u G M for all u, v E M^; 

(ii) there exists a closed, cyclic (and hence edged) C-submodule N of Q such that N C KerT; 
(in) there exists a unique c <G Q such that T(u) = (u\c). 

Proof, (i) (Hi) Let u\ e M 1 - satisfying the condition (a) and u G M^. From (c) we get that 
T(u)u\ — T(u\)u e M and thus T(u)e,s = T(u)||ui|| 2 = T(u\) (u\u\). Since T is continuous there exists 
C > such that \T(u)\ < C\\u\\. It follo ws that \T(u)\e s ^ < C||u||e S c = because of property (b). So, 
T(u) = T(u)es = (u\c), where c = T(ui)u\. 

Now let u <E Q. By Corollary 2.17 we know that u = (u — Pm{u)) + Pm(u), where u — Pm{u) <G M 1 - and 
Pm{u) € M. Since T(u) = T(u—Pm{u)) by the previous case we have that T(u) = (u — Pm{u)\c) = (u\c). 

(Hi) (ii) By the normalization property and the assertions 9. and 12. of Proposition 3.8 we know that 
there exists a closed cyclic and edged C-module N such that cC C N. Thus, N C (cC) = KerT. 

(ii) => (i) From the assertion 7. of Proposition 3.8 we have that N is generated by an element w e Q 
such that ||w|| = es, for some 5* C (0,1]. Let us define M = N ± . By Corollary 2.17 M is closed and 
edged, (a) and (b) are straightforward and (c) follows from the fact that M 1 - is cyclic. □ 

Remark 4.2. Note that (i) (Hi) is valid without assuming the normalization property on Q. In the 
first assertion of Theorem 4.1 we assume the existence of an edged and closed C-submodule M contained 
in KerT because in general the kernel_of a continuous C-linear functional is not edged. Indeed, taking [3 
as in 3.9 and the functional T : C — > C : z — > (3z we have that KerT = Ann(/3) is not edged [12]. 

The following example shows that (at least under some set-theoretic assumption) there are continuous 
C-linear functionals on Hilbert C-modules for which the Riesz representation theorem does not hold. 

Example 4.3. Under the assumption that 2 N ° < 2 Nl (e.g., if one assumes the continuum hypothesis), by 
[12], there exists a submodule (=ideal) M of C and a continuous C-linear map T: M — > C that cannot be 
extended to a C-linear map C — > C. Let Q = M (the topological closure of M in C). Then M is a Hilbert 
C-module as^a closed submodule o£ a Hilbert C-module. By continuity, T can bejaniquely extended to a 
continuous C-lincar map T: Q — > C. Suppose that there exists c E G such that T(u) — (u\c). Then the 
C-linear map C — > C: u (u\c) would be an extension of T, a contradiction. 
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Proposition 4.4. Let H be a Hilbert space and Qh the corresponding Hilbert C-module. A continuous 
C-linear functional T on Qh is basic if and only if it fulfills the equivalent properties of the previous 
theorem. 

Proof. Apply the Riesz theorem at the level of representatives, noting that T £ (u) = (u\c £ ) with ||c e || = 

\\Tel ' □ 

Conjecture: there exists a Hilbert space H (necessarily infinitely dimensional) and a continuous C-linear 
functional that it is not basic. 

We now investigate the structural properties of continuous C-sesquilinear forms on Hilbert C-modules by 
making use of the previous representation theorem. 

Theorem 4.5. Let Q and H be Hilbert C-modules with H satisfying the normalization property and 
a : Q x H — > C be a continuous C-sesquilinear form. The following assertions are equivalent: 

(i) for all u e Q there exists a closed and cyclic C-submodule N u of H such that C {v e H : 
a(u, v) — 0}; 

(ii) there exists a unique continuous C-linear map T : Q — > H such that a(u,v) — (Tu\v) for all u e Q 
and »eH. 



Proof, (i) => (ii) Let u <E Q. We consider the continuous C-linear functional a u : H — > C : v — > a(u, v). 
Since Ker a u — {v e H : a(u, v) = 0} contains the orthogonal complement of a closed and cyclic C- 
submodule N u of H, by Theorem 4.1 there exists a unique c <G H such that a(u,v) = (v\c). We define 
T : Q — > H : u — > c. By construction, a(u,v) = (Tu\v). We leave to the reader to check that the map T 
is C-lincar. By definition of the operator T we have that 

(4.15) ||T( U )|| 2 - (Tu\Tu) = a(u,Tu) < C||«||||r«||, 

where the constant Cel comes from the continuity of a. Applying Lemma 2.19 to (4.15) we have that 
||T(u)|| < C||u|| for all u. This shows that T is continuous. 

(ii) => (i) Let us fix u E Q. Since v a(u, v) = (v\Tu) is a continuous C-linear functional on Tt satisying 
the assertion (Hi) of Theorem 4.1 we find a subset N u as desired. □ 

Proposition 4.6. Let H and K be Hilbert spaces and a be a basic C-sesquilinear form on Qh x Qk- Then, 
the hypotheses of Theorem 4-5 are satisfied. Moreover, the map T : Qh — * Qk such that a(u,v) = (Tu\v) 
is basic. 

Proof. By Proposition 3.3 the C-module Qk has the normalization property. If a is basic then for any 
fixed u G Qh the C-linear functional Qk — > C : v — > a(u, v) is basic too. Hence, from Theorem 4.1 there 
exists a closed and cyclic C-submodule N u of Qk such that iV„ C{i)£ Q K : a(u, v) = 0}. It remains 
to prove that the continuous C-linear map T : Qh — > Qk, that we know to exist from Theorem 4.5, has 
a basic structure. Let us take a net (a £ ) e representing the C-sesquilinear form a. By fixing u G H we 
obtain from the continuity of a e that there exist a net (c £ ) £ of elements of K and a net t £ (u) = c £ of 
linear maps from H to K such that a e (u, v) = (v\c £ ) for all v e K. Since for some JVeN and -q e (0, 1] 
the inequality 

\\t £ (u)\\ 2 = a £ (u,t £ (u)) < s- N \\u\\ \\t £ (u)\\ 

holds for all u £ H and e € (0, n], we obtain that (t £ ) £ defines a basic map T" : Qh — > Qk such that 
a(u, v) — (T'u\v). By Theorem 4.5 there exists a unique continuous C-linear map from Qh to Qk having 
this property. It follows that T' — T and that T is basic. □ 
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5 Continuous C-linear operators on a Hilbert (C-module 

In this section we focus on continuous C-lincar operators acting on a Hilbert C-module. In particular we 
deal with isometric, unitary, self-adjoint and projection operators obtaining an interesting characterization 
for the projection operators. 

5.1 Adjoint 

Definition 5.1. Let Q and TL be Hilbert C-modules and T : Q — > TL a continuous C-linear map. A 
continuous C-linear operator T* : TL — > Q is called adjoint of T if 

(5.16) (Tu\v) = (u\T*v) 

for all u e Q and v e TL. 

Note that if there exists an operator T* satisfying (5.16) then it is unique. 

The following proposition characterizes the existence of the adjoint T* under suitable hypotheses on the 
spaces Q and TL. 

Proposition 5.2. Let Q andTL be Hilbert C-modules with Q satisfying the normalization property and 
T : Q — > TL be a continuous C-linear map. The adjoint T* : TL — > Q exists if and only if for all v G TL 
there exists a closed and cyclic C-submodule N v of Q such that C {u e Q : (v\Tu) = 0}. 

Proof. The proof is clear by applying Theorem 4.5 to the continuous C-sesquilinear form a : TL x Q — > 
C : (v,u) -» (v\Tu). □ 

Proposition 5.3. If H and K are Hilbert spaces and T is a basic C-linear map from Qh to Qk then the 
hypotheses of the previous proposition are fulfilled. In particular the operator T* : Qk — » Qh * s basic. 

Proof. It suffices to observe that the C-sesquilinear form (v\Tu) is basic and to apply Proposition 4.6. □ 

Proposition 5.4. Let Q and TL be Hilbert C-modules and S,T : Q — > TL continuous C-linear maps having 
an adjoint. The following properties hold: 

(i) (S + T)* = S*+T*; 

(ii) (XT)* = XT* for all X e C; 

(Hi) (T*(v)\u) = (v\Tu) for all u G Q and v £ TL; 
(iv) T** = T; 

(v) T*T = if and only ifT = 0; 

(vi) (ST)* = T*S*; 

(vii) if M C Q, N CTL and T(M) C N then T*(N^) C M^; 

(viii) if M C Q and N is a closed and edged C-submodule ofTL, then T(M) C N if and only ifT*(N ± ) C 

Proof. We omit the proof of the first seven assertions of the proposition because they are elementary. 

(viii) From assertion (vii) we have that T(M) C N implies T*(N ± ) C M . Conversely, assume that 
T*(N^) C M 1 - and apply (vii) to T* . It follows that (T*)*(M J ~ L ) C N ±A -. By (iv) we can write 
T(M) C T(M ±J -) C N ±A - and from Corollary 2.17 (Hi) we have that T(M) C N. □ 



28 



Proposition 5.5. Let Q and H be Hilbert C-modules and T : Q — > H be a continuous C-linear map. 
Assume that the adjoint of T exists. The following equalities hold: 

(i) KerT=(T*(H)) ± ; 

(it) KerT* = (T(£))\- 

(Hi) ifT*(H) is a closed and edged C-submodule of Q then (KerT) 1 - = T*{H); 

(iv) ifT(Q) is a closed and edged C-submodule of H then (KerT*) 1 - = T(Q). 

Proof. An application of Proposition 5A(vii) and (Hi) to T and T* yields 

(5.17) T*(H) C (KerT)- 1 , 

(5.18) T(G) C (KcrT*)^, 

(5.19) (T(g)) 1 C KerT*, 

(5.20) (T*(H)) ± C KerT. 

(5.17) combined with (5.20) entails the first assertion while (5.19) combined with (5.18) entails the second 
assertion. The assertions (Hi) and (iv) are obtained from (i) and (ii) respectively making use of Corollary 
2.17(m). □ 

5.2 Isometric, unitary, self-adjoint and projection operators 

Definition 5.6. Let Q and H. be Hilbert C-modules. A continuous C-linear operator T : Q — > H is said 
to be isometric if \\Tu\\ = \\u\\ for all u G Q . 

Lemma 5.7. Any C-sesquilinear form a : Q x Q — > C is determined by its values on the diagonal, in the 
sense that 

a(u, v) = j [a(u + u, u + v) — a(u — v, u — v) + ia(u + iv, u + iv) — ia(u — iv,u — iv)] 
for all u,v G Q . 

Proposition 5.8. Let Q and H be Hilbert C-modules and T : Q — > H a continuous C-linear operator 
with an adjoint. The following assertions are equivalent: 

(i) T is isometric; 
(H) T*T = I; 

(in) (Tu\Tv) = (u\v) for all u,v tQ. 

Proof, (i) => (ii) By definition of isometric operator and adjoint operator we have that (u\u) = (Tu\Tu) — 
(T*Tu\u). Hence, (T*Tu — Iu\u) = 0. Since the form (u,v) — > (T*Tu — Iu\v) is C-sesquilinear, from 
Lemma 5.7 we conclude that (T*Tu — Iu\v) = for all u, v, that is T*T = L. The implications (ii) =>• (in) 
and (Hi) (i) are immediate. □ 

More generally, from Lemma 5.7 we have that (i) is equivalent to (Hi) for any continuous C-linear operator 
T : Q — > Ti even when the adjoint T* does not exist. 
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Proposition 5.9. The range of an isometric operator T : Q — > H between Hilbert C-modules is a closed 
C-submodule ofTi. 



Proof. Let v G T{Q). There exists a sequence (u n ) n of elements of Q such that Tu n — > v in Ti.. By 
definition of isometric operator we obtain that («„)„ is a Cauchy sequence in Q and therefore it is 
convergent to some u e Q. It follows that v = Tu. □ 

Proposition 5.10. Let T: Q — > W fee a continuous C-linear operator between Hilbert C-modules. If T* 
exists and there exists a continuous C-linear operator S: H ^ G such that T*TS = T* , then T(G) is 
closed and edged. Moreover, Pt(Q) = TS. 

Proof. Let u £ H. Then T*(u - TSu) = T*u - T*u = 0, so by Proposition 5.5, u=(u- TSu) + TSu e 
KerT* + T{G) = T(g) 1 - + T(Q). By Corollary 2.17, T{G) is closed and edged and P T[g) = TS. □ 

Corollary 5.11. Let Q and H be Hilbert C-modules and T an isometric operator with adjoint. Then, 
T(G) is closed and edged. 

Proof. Apply Proposition 5.10 to T with S = T*. □ 

Example 5.12. A basic operator T : Qh — > Gh given by a net of isometric operators (T e ) £ on H is 
clearly isometric on Gh- In particular by the corollary above, the range T{Gh) is a closed and edged 
C-submodulc of Gh- 

Definition 5.13. Let G be a Hilbert C-module and T : G — ► G a continuous C-linear operator with an 
adjoint. T is unitary if and only ifT*T = TT* = I. 

Proposition 5.14. Let G be a Hilbert C-module and T : G — ► G a continuous C-linear operator with an 
adjoint. The following conditions are equivalent: 

(i) T is unitary; 

(ii) T* is unitary; 

(Hi) T andT* are isometric; 
(iv) T is isometric and T* is injective; 
(v) T is isometric and surjective; 
(vi) T is bijective and T^ 1 = T* . 

Proof. By Proposition 5.8 it is clear that (i), (ii) and (Hi) are equivalent. Since any isometric operator 
is injective we have that (Hi) implies (iv). 

(iv) (v) By Corollary 5.11 we know that T(G) is a closed and edged C-submodule of G and that 
KerT* = {0}. Hence, by Proposition 5.5(w) we have that {0}- 1 = (KerT*)^ = T(G), which means that 
G = T(G). 

(v) => (vi) T is isometric and surjective. Thus, it is bijective. Moreover, T*T = I = TT^ 1 . Thus, 
T* = T*(TT- X ) = (T*T)T~ l = T" 1 . The fact that (vi) implies (i) is clear. □ 

Definition 5.15. Let G be a Hilbert C-module and T : G — > G a continuous and C-linear operator. T is 
said to be self-adjoint if (Tu\v) = (u\Tv) for all u,v e G ■ 

If T is self-adjoint then the adjoint operator T* exists and coincides with T . 
Proposition 5.16. The following conditions are equivalent: 
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(i) T is self-adjoint; 

(ii) (Tu\u) = (u\Tu) for all u £ Q ; 



(m) (Tu\u) £ R for all u£G- 



Proof. We prove that (Hi) implies (i). By Lemma 5.7 we can write (Tu\v) as 




Since each scalar product belongs to R and therefore (Tw\w) = (w\Tw) for all w £ £/, we obtain that 



We leave to the reader to prove the following proposition. 

Proposition 5.17. Let Q be a Hilbert C-module and let S,T : Q — > Q be continuous C-linear operators. 

(i) If S,T are self-adjoint then S + T is self-adjoint; 

(ii) if T is self-adjoint and a£l then aT is self-adjoint; 
(Hi) if T* exists then T*T and T + T* are self-adjoint; 

(iv) if S and T are self-adjoint then ST is self-adjoint if and only if ST = TS. 
Note that Proposition 5.5 can be stated for self-adjoint operators on a Hilbert C-module Q by replacing 



Example 5.18. There are^ self- adjoint operators whose range Js not edged. Indeed, let (3 € R be as in 
Example 3.9 and T : C -> C : u -> f3u. T is sclf-adjoint but T(C) = 0C is not edged [12]. 

Definition 5.19. A continuous C-linear operator T : Q — > Q on a Hilbert C-module Q is called a 
projection if it is self-adjoint and T — TT. 

Note that when M is a closed and edged C-submodule of Q then the corresponding Pm is a projection in 
the sense of Definition 5.19. Indeed, by Proposition 2.14(m) Pm is idempotent and combining Corollary 
2.17 (v) with Proposition 5.16 we have that Pm is self-adjoint. We prove the converse in the following 
proposition. 

Proposition 5.20. IfT is a projection thenT(Q) is an edged and closed C-submodule ofQ andT — Pt(Q)- 
Proof. We apply Proposition 5.10 with S = I. □ 

6 Lax-Milgram theorem for Hilbert C-modules 

As in the classical theory of Hilbert spaces we prove that for any f £ G the problem 



can be uniquely solved in G under suitable hypotheses on the C-sesquilinear form a. In this way, we 
obtain a Lax-Milgram theorem for Hilbert C-modules. 

Definition 6.1. A C-sesquilinear form a on a Hilbert C-module G is coercive if there exists an invertible 
a £ R with a > such that 



(Tu\v) = (u\Tv). 



□ 



T* with T. 



a(u,v) = (v\f) 



for all v £ G, 



(6.21) 



a(u, u) > a\\u 



for all u £ G- 
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Theorem 6.2. Let Q be a Hilbert C-module and g a C-linear continuous map on Q such that g(Q) is 
edged. Let a be the C-sesquilinear form on Q defined by a(u,v) — (u\g(v)). If a is coercive then for all 
f e Q there exists a unique u E Q such that 

a(v,u) = (v\f) 

for all v € Q. 



Proof. We want to prove that the map g is an isomorphism on Q. We begin by observing that the 
coercivity of a combined with the Cauchy-Schwarz inequality yields for all u E Q 

(6.22) a|M| 2 < \a{u,u)\ = | (u\g(u)) \ < \\u\\\\g(u)\\. 
By applying Lemma 2.19 it follows that 

(6.23) a||u|| < \\g(u)\\. 

This means that g is an isomorphism of Q onto g(Q). It remains to prove that g is surjective. The 
C-submodule g(Q) is closed. Indeed, if g(u n ) — > v E Q then from (6.23) we have that (u n ) n is a Cauchy 
sequence in Q converging to some u E Q. Since g is continuous we conclude that v — g(u). In addition, 
g{G) is edged by assumption and (6.22) entails g(Q) ± — {0}. Hence, by Corollary 2.17, g(Q) coincides 
with Q. Let now f G Q. We have proved that there exists a unique u E Q such that / = g{u). Thus, 
a(v,u) = (v\g(u)) = (v\f) for all v e Q. □ 

Note that when C is a subspace of H then the corresponding space Qc of generalized functions based on 
C is canonically embedded into Qh- 

Lemma 6.3. Let H be a Hilbert space, C a subspace of H , a E M positive and invertible, and a be a 
basic C-sesquilinear form on Qh. The following assertions are equivalent: 

(i) a(u,u) > a||u|| 2 for all u G Qc; 

(ii) for all representatives {a £ ) £ of a and {a £ ) £ of a and for all q G N there exists rj G (0, 1] such that 

a £ (u,u) > (a £ - e q )\\u\\ 2 

for all u G C and e G (0, rf\ . 

(Hi) for all representatives (a £ ) £ of a there exists a representative (a £ ) £ of a and a constant r\ G (0,1] 
such that 

a £ (u, u) > a e ||u|| 2 

for all u G C and e G (0, 77] . 



Proof. It is clear that (m) implies (z). We begin by proving that (ii) implies (Hi). Let (a' £ ) £ be a 
representative of a. Assume that there exists a decreasing sequence (rj q ) q tending to such that a e (u, u) > 
(a' £ — e 9 )||u|| 2 for all u G C and e G (0, r) q \. The net n £ = e q for e G (rj q+1 , rj q ] is negligible and therefore 
a £ = a' e — n £ satisfies the inequality of the assertion (Hi) on the interval (0, 770]. 

Note that the first assertion is equivalent to claim that esa(u, u) > a||u|| 2 es for all S C (0, 1]. We want 
now to prove that if 

(6.24) 3(a £ ) £ 3(a £ ) £ 3q G NVr? G (0, 1] 3e G (0, 77] 3u G C o e (u, u) < (a £ - e q )\\u\\ 2 

then we can find S C (0, 1] and u G Qc such that esa(u,u) < a||u|| 2 es. From (6.24) it follows that there 
exists a decreasing sequence (sk)k C (0, 1] converging to and a sequence (u £k )k of elements of C with 
norm 1 such that 

ae k ( u s k ,u £k ) < a £k -e\. 
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Let us fix x G C with = 1. The net v e — u £k when e — et and v £ — x otherwise generates an element 
v = [(v e ) e ] of Gc with R-norm 1. Let now S = {ek ■ k G N}. By construction we have that 

e s a(v,v) = [{Xsa ek (u £k ,u £k )) e ] < e s (a - [{e q ) e ]) < e s a||v|| 2 . 

This contradicts assertion (i). □ 

Proposition 6.4. Let H be a Hilbert space, a be a basic coercive C-sesquilinear form on Gh o>nd f a 
basic functional on Gh- Then there exists a unique u G Gh such that a(v,u) — f(v) for all v G Gh- 



Proof. By applying Proposition 4.6 to the C-sesquilinear form b(u, v) := a(v, u), there exists a basic map 
g : Gh — » Gh such that a(u, v) = (u\g(v)). In order to apply Theorem 6.2 it remains to prove that giGn) 
is edged. By the continuity of g and the inequality (6.23), we find by Proposition 1.10 and Lemma 6.3 
C = [(C e ) e ] € R and an invertible a = [(a e ) e ] G R, a > for which 

(6.25) a e ||tt|| < \\g s (u)\\ < C e ||u||,Vu G ff,Ve < 77. 

Let us call H £ the Hilbert space H provided with the scalar product (u\v) £ := (g e (u)\g e (v)) and consider 
the Hilbert C-modulc G = ■M.(h s ) s /-^'(h s ) s as in Proposition 2.7. By equation (6.25), a net (u e ) e of 
elements of H is moderate (resp. negligible) in Gh iff it is moderate (resp. negligible) in G ■ Hence the 
map g: G — *• Gh- g([( u e)s]) — [de( u s)e] is a well-defined isometric C-linear operator with g(G) = g{Gn)- 
Let g e : H £ — > H: g e (u) — g e (u). As g E is a continuous linear map, there exists g*: H — > H £ such 
that (g e (u)\v) = (u\g*(v)) e , Vu G H e , Vv G H and with ||g*|| = \\g £ \\. Hence the map g*: Gh — » 
5*([(u e ) £ ]) = [«7*(w £ ) £ ] is a well-defined continuous C-linear map and is the adjoint of g. By Corollary 
5.11, g(G) = g{Gn) is edged in Gh- □ 



7 Variational inequalities in Hilbert M-modules 

In the framework of Hilbert R-modules we now study variational inequalities involving a continuous 
and R-bilinear form. We will make use of the results proved in the previous sections in the context of 
Hilbert C-modules which can be easily seen to be valid for Hilbert R-modules. We begin with a general 
formulation in Theorem 7.1 and then we concentrate on some internal versions in Proposition 7.3 and 
Theorem 7.5. 

Theorem 7.1. Let a(u,v) be a symmetric, coercive and continuous W-bilinear form on a Hilbert R- 
module G- Let C be a nonempty closed subset of G such that AC + (1 — \)C C C for all real generalized 
numbers A G {[(e 9 ) e ]} ge N U {\}. For all f G G such that the functional I(u) = a{u,u) — 2{f\u) has a 
close infimum on C in R, there exists a unique solution u G C of the following problem: 

(7.26) a(u,v-u) > (f\v-u), forallveC. 

Proof. Let d be the close infimum of the functional L on C and (u n ) n C C a minimizing sequence such 
that d < L{u n ) < d + \(s n ) e }. By means of the parallelogram law and the assumptions on C we obtain 
that 

a\\u n - u m \\ < a(u n - u rn ,u n - u m ) = 2a(u n ,u n ) + 2a(u m ,u m ) - 4a( , ) 

= 2I(u n ) + 2I(u m ) 4I(^±^) 
<2(d+[(e n ) e }+d+[(e m )e}-2d) 
< 2[(£ min(m '™ ) ) £ ] 

Since a is invertible it follows that (u n ) n is a Cauchy sequence and therefore it is convergent to some 
u G C such that L(u) = lim^oo I(u n ) = d. 
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For any v G C let us take w = u + X(v — u) with A = [(e 9 ) e ]- By the properties of C we know that i»eC 
and I(w) > I{u). It follows that 

a(u + X(v - u), u + X(v - u)) - 2 (f\u + \(v - uj) - a(u, u) + 2 (f\u) 

= Xa(u, v — u) + Xa(v — u,u) + X 2 a(v — u, v — u) — 2A (f\v — u) > 

and since A is invertible, 

a(u, v — u) > (f\v — u) — -Xa(v — u,v — u). 

Letting A = [(£ 9 )e] tend to in R we conclude that a(u,v — u) > (f\v — u) for all v G C\ or in other 
words that u is a solution of our problem. 

Finally, assume that u\,U2 are both solution in C of the variational inequality problem (7.26). Then, 
a(ui,ui - u 2 ) < (f\ui - u 2 ), —a(v,2,u\ — u 2 ) < - - u 2 ) and 

a\\u\ — u 2 \\ 2 < a{u\ — u 2l u\ — u 2 ) < 0. 

This means that u\ = u 2 and that the problem (7.26) is uniquely solvable in C. □ 

Corollary 7.2. Let a(u, v) be a symmetric, coercive and continuous M*-bilinear form on a Hilbert R- 
module Q. For all f e Q such that the functional I(u) = a(u, u) — 2 (f\u) has a close infimum in R, there 
exists a unique solution u e Q of the problem 

a(u, v) — (f\v) , for all 

Proof. Since Theorem 7.1 applies to the case of C = Q we have that there exists a unique u e G such 
that a(u, v — u) > (f\v — u) for all v G Q. This implies that a(u, v) = (f\v) for all v £ Q. □ 

Note that differently from Theorem 6.2, Corollary 7.2 does not require the particular structure (u\g(v)) 
for the symmnetric R-bilinear form a(u, v). 

As a particular case of Theorem 7.1 we obtain the following result for basic, symmetric and coercive 
R-bilincar forms on Qjj. 

Proposition 7.3. Let H be a real Hilbert space, {C £ ) e a net of convex subsets of H , C = [{C e ) e } and a 
be a basic, symmetric and coercive R-bilinear form on Qh- If C ^ then, for all basic functionals f on 
Gh there exists a unique solution u £ C of the problem: 

a(u, v — u) > f(v — u), for all v e C. 

Proof. By Proposition 4.4 and Theorem 4.1, there exists b € Gh such that f(v) — (b\v), Vu € Gh- 
Since C is a closed and edged subset of Gh such that AC + (1 — A)C C C for all real generalized 
numbers A G {[(e <? ) e ]} g(E N U {^}, in order to apply Theorem 7.1 it suffices to prove that the functional 
I(u) = a(u, u) — 2 (b\u) has a close infimum on C in R. We fix representatives (a e ) e and (b £ ) £ of a and b 
respectively and we denote the corresponding net of functionals by (I e ) e - From the coercivity of a and 
Lemma 6.3 it follows that for each sufficiently small e the inequality 

(7.27) I E (w) > o4H| - 2 Ce |MI = (v^HI - ~%f \^ > -\c 2 

holds on H, where a! e = a £ — e q , (c e ) £ is a representative of c = ||fe|| and q G N. Hence, L e has an infimum 
d £ on C £ such that —c £ 2 /a' £ < d £ . Let v £ G C £ be such that I E (v s ) < d £ + e 1 / 6 . From (7.27) we see that 
for every moderate net of real numbers (A e ) e there exists a moderate net (/x e ) e such that I £ {u £ ) > X £ 
as soon as u £ G H and ||w e || 2 > /i e . Applying this to A £ = 1 + d £ , we conclude that the net (||v e || 2 ) £ is 
moderate, and v = [(v £ ) £ ] G C. It follows that the functional / reaches its minimum d = \(d s ) s ] on C in 
v. The uniqueness of the solution follows as in the proof of Theorem 7.1. □ 
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Remark 7.4. Note that Proposition 7.3 makes use of the completeness of Qh which holds even if H is 
not complete (see [2, Proposition 3.4]). 

We extend now Proposition 7.3 to M-bilinear forms which are not necessarily symmetric by making use 
of some contraction techniques. 

Theorem 7.5. Let H be a real Hilbert space, (C £ ) £ a net of convex subsets of H , C — [{C e ) e ] and a be a 
basic and coercive R-bilinear form on Qh- If C then, for all basic functional f on Qh there exists 
a unique solution u e C of the problem: 

a(u, v — u) > f(v — u), for all v G C. 

Proof. By Proposition 4.4 and Theorem 4.1, there exists c € Qh such that f(v) = (c\v), Vw £ Qh- By 
Proposition 4.6 and Theorem 4.5, there exists a basic R-linear map T: Qh — ► Qh such that a(u, v) = 
(Tu\v), Vw,v G Qh- Wc look for u e C satisfying the inequality 

(Tu\v - u) > (c\v - u) , VueC. 
For any with p > invertible, the inequality is equivalent with 

((pc-pTu + u) -u\v-u) < 0, VueC. 

By Proposition 2.21(i), C is closed and edged; further, AC+ (1 - \)C C C, VA e I with < A < 1. So by 
Proposition 2.15, we search u £ Qh with u = Pc{pc — pTu + u) (for a suitable p that will be determined 
below) . 

By the basic structure of T we know that there exists a moderate net [M e ) e and 771 e (0, 1] such that 
||T e u|| < M e ||w||, Vw € H, Ve e (0,171]. By coercivity of a, there exists a moderate net (a £ ) £ and to e N 
with a e > e m , Ve and there exists 772 <E (0, 1], such that (T e u\u) > a e ||w|| 2 , Vm e i7, Ve e (0, 772] (Lemma 
6.3). Let 77 = min(?7i, 772). Fix e e (0,77]. Let p £ = jf? and 

S £ :C £ ^C £ : S £ (v) = {p £ c £ - p £ T £ v + v). 

For vi , w 2 <E C e , by the properties of , 

||S e («i) - S £ {v 2 )\\ < \\( Vl - v 2 ) - p £ (T £Vl - T s v 2 )\\, 

so 

||S e («i) - S £ (v 2 )\\ 2 < \\ Vl - v 2 \\ 2 - 2p £ (T £ vi - T £ v 2 \ Vl - v 2 ) + p 2 \\T sVl - T £ v 2 \\ 2 
< (1 - 2p £ a £ + p 2 £ M 2 )\\ Vl - V2 \\ 2 =(l-^j \\ Vl V2 f. 

So S £ is a contraction. Let w e C with representative (w E ) s , w £ G C e , Ve. Denoting the contraction 
constant by k e = (l — -p%)^ 2 , by the properties of a contraction, \\S £ (w £ ) — w £ \\ < j^-\\S £ (w £ ) — w £ \\, 
Vn e N. In particular, for the fixed point u £ of 5 £ in C £ , also ||u e — ty e || < Y3jp||S' £ (77j £ ) — w e \\. Hence 

\\u £ \\<\\w £ \\ + T ± ] -\\S £ (w £ )-w £ \\. 

Now there exists m e N such that k 2 < 1 — e m , Ve, hence fc e < \/l — e™ < 1 — ^2", Ve. Further, if 
p = [(p £ ) £ ], then [(S £ (w £ )) £ ] — Pc{pc — pTw + w) by Proposition 2.21. So (||it £ |j) e is a moderate net, 
hence (u £ ) £ represents some mgC. Similarly, as S £ (u £ ) — u s , Ve < 77, we have u = Pc(pc — pTu + u) for 
p = [(;p%) e ] S M with p > and invertible, as required. 

The uniqueness of the solution follows as in the proof of Theorem 7.1. □ 
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8 Applications 



We conclude the paper by applying the theorems on variational equalities and inequalities of Section 7 
to some concrete problems coming from partial differential operators with highly singular coefficients. 
The generalized framework within which we work allows us to approach problems which are not solvable 
classically and to get results consistent with the classical ones when the latter exist. 



8.1 The generalized obstacle problem 

In the sequel SI C M™ is assumed to be open, bounded and connected with smooth boundary dSl. We 
consider a net (ip e )e <= i? 1 ^)*- 0,1 ' such that ip E < a.e. on dfl for all e, and we define the set 

CV = {i( u e)e} e QhI(Q) ■ Ve u E > ip E a.e. onfl}. 

One can easily see that C$ is a nonempty internal subset of the Hilbert C- module Gh 1 (Q) given by a net 
of convex subsets of Hq(Q). Note that the net (tp E ) E can be generated by a highly singular obstacle tp 
regularized via convolution with the mollifier ip E} where ip £ C£°(f2), J ipdx — 1 and <p e (x) = £~ n ip(x/s). 
For instance, on SI = {x £ K" : \x\ < 1} one can take an arbitrary ip £ £'(SY). From the structure 
theorem for distributions with compact support we obtain that there exists some n € (0, 1] such that 
(ip * fe) e < r) is a i? 1 (Q)-moderate net. 

Let (a,ij, E ) E be moderate nets of L°°-functions on Q such that 

n 

(8.28) < ]r ULuix)^ < x E e 

holds for some positive and invertible [(A e ) e ] € K and for all (x,£,) efix K™. From (8.28) it follows that 



(8.29) a(u,v) 



« n 

/ y~] aij. E (x)d x 



u E (x)d Xi v E (x) dx 



is a well-defined basic R-bilinear form on Q H i ^ . Before proceeding we recall that from [2] [Proposition 
3.22] the space Gh- 1 ^) coincides with the set of basic functional in L(^ H i( ),C). 
We are now ready to state the following theorem. 

Theorem 8.1. Let a as in (8.29). For any f G Gr- 1 ^) there exists a unique solution u £ of the 
problem: 

a(u,v — u) > f(v — u), for all v £ C$. 

Proof. In order to apply Theorem 7.5 we have to prove that the R-bilinear form a is coercive, in the sense 
of Definition 6.1. The condition (8.28) on the coefficients of a and the Poincare inequality yield that 

a(v,v) > A _1 ||t;||^i (a) , 

is valid for all v £ Q H i ^ . This completes the proof. □ 

Remark 8.2. When the obstacle ip and the coefficients aij are classical, for any / £ _ff _1 (fi) the problem 
a(u, v — u) > f(v — u) can be classically settled in Hq(SY) by looking for a solution u in := {u £ 
Hq(Q) : u> ip a.e. onfi}. Let u £ such that 

(8.30) a(u ,v - m ) > f(v - u ) 
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for all v € C$. Note that by embedding into Gh~ 1 (q.) by means of / — > [(/) £ ], we can study 

the previous obstacle problem in the generalized context of Gh^(q)- By Theorem 8.1 we know that there 
exists a unique u <G := {[{v e ) e \ G Gn^n) '■ ^ £ v e >^p a.e. onf2} such that 

(8.31) a(u,v-u)>[(f) s ](v-u), 

for all ueCf By the fact that (8.31) is uniquely solvable it follows that u coincides with the classical 
solution, i.e., u = [(wo)e]- Indeed, since for any v £ we can find a representative (v s ) s such that 
v e e C^, 1 for all e, from (8.30) we have that 

a(u , v £ - m ) > f(v e - u Q ) 

for all v — \{y e ) e \ e C,/,. 

Example 8.3. When the coefficients aij are not bounded, the obstacle problem is in general not solvable 
in the Sobolev space Hq(£Y). In this case one can think of regularizing the coefficients by convolution 
with a mollifier ip £ and looking for a generalized solution in some subset of Gh^o,)- Fot instance, let fa 
be finite measures on R™ with fa > c\v, for i = 1, . . . , n, where V is a neighbourhood of f2, xv denotes 
the characteristic function of V and c e R, c > 0. Let us take aij = when i ^ j and a^, = fa, for 
i,j = l,...,n. If <p is a nonnegative function in C^°(R") such that f ip = 1 and </? £ (x) = e~ n ip(x/e), we 
obtain for sufficiently small £ and x <E ft that 

c < fa * <p s (x) < /ii(R n )||¥> e ||i,oo < c'e- n , 

for some constant c'el depending on ip and the measures fa. It follows that setting ai t ^ e {x) = fa*ip s (x), 
the net 

/ V"a i . ij£ (x)5 Xi u(x)5 a;i w(x)dx 
./n i=1 

of bilinear forms on Hq(Q) generates a basic and coercive R-bilincar form on Gh 1 (q.)- F° r a generalized 
C$ as at the beginning of this subsection and any / £ <7sr-i(si)j the corresponding obstacle problem is 
uniquely solvable. 



8.2 A generalized Dirichlet problem 

We want to study the homogeneous Dirichlet problem 

(8.32) - V • (AVu) + a Q u = f in ft, u = on dfl, 

where A = [(A e ) s ] and ao = [(ao, e ) e ] arc Gl°°(q.) generalized functions satisfying the following conditions: 
there exist some positive moderate nets (A e ) £ , with moderate inverse (A^ 1 ),,, and (fa) e such that for all 
x e fl and £ e (0, 1], 

(8.33) A" 1 < A E (x) < A e , 
and 

(8.34) 0< a , e (x) < fa. 

Let / e Gh- 1 (q.)- Wc formulate the problem (8.32) in Gh- 1 ^)- Its variational formulation is given within 
the Hilbert R-module Gh * (fi) m terms of the equation 

(8.35) a(u, v) = f(v), for all v e G H ^(n), 
where 



a(u, v) 



/ A £ (i)V« e (i) • Vv E (x) dx + / a , e (x)u E (x)v E (x)dx 
Jn Jn 



From (8.33), (8.34) and the Poincare inequality it follows that a is a basic and coercive R-bilincar form 
on <?jfi(Q). Recalling that / is a basic functional on Gh^(Q)> an application of Proposition 6.4 yields the 
desired solvability in Gh * (fi) • 
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Theorem 8.4. For any f £ Gh- 1 ^) the variational problem (8.35) is uniquely solvable in Gh^(Q)- 
Example 8.5. Let us consider the one-dimensional Dirichlet problem given by the equation 
(8.36) - (H(x)u')' + 6u = f, 

in some interval I — (—a, a). One can think of approximating the singular coefficients which appear in 

(8.36) by means of moderate nets of L°° functions which satisfy the conditions (8.33) and (8.34). Let 
{ve)e € R 1 - ' 1 ' be a positive moderate net with moderate inverse (z^T 1 ^ such that v e — > if e — > 0. We 
easily see that A E (x) equal to 1 for x e (0, a) and to v e for x G (—a, 0], fulfills (8.33), while ao, E (x) — <p e (x), 
x G I, with ip G C£°(R) as in Example 8.3, has the property (8.34). From Theorem 8.4 we have that for 
any / <G Gh- 1 (i) the variational problem associated to (8.36) is uniquely solvable in Gh^(i)- It is clear that 
a similar result can be obtained for other functions h > with zeroes instead of the Heaviside-function 
H. 

In a similar way we can deal with the inhomogeneous problem 

(8.37) - V • (AVu) + a u = f in fl, u = g on dQ, 

where we assume that g G Gc x (dn)- Let (g s ) £ be a representative of g and {g e )e a net in M. H i (Q) n c(?2) 
such that g £ — g e on dil. Defining, 

C = {v= [(v e ) e ] G ^i(o) : Ve - 9e € H^fl)}, 

a variational formulation of (8.37) is 

(8.38) a(u, v) = f(v), for all v G C. 

Under the assumptions (8.33) and (8.34) for A and ao we obtain the following result. 
Theorem 8.6. For any / G Gh- 1 ^) the variational problem (8.38) is uniquely solvable in C. 
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